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Energy calculations in MuDirac:

Design
Experiments

Interpret results online:
“Which peak is that?”

Use for teaching/testing

All-order QED 
“for the people”



Mass:

Status:

Atomic mass AME

Angeli & Marinova

Point
Sphere
Fermi-2.3fm

RMS Radius:

Nuclear model:



Wishlist 1: enable input of nuclear mass

Why change nuclear mass:

• Implement correct mass (nuclear vs. atomic)

• Test recoil corrections by taking M->infinity



Mass:

Status:

Atomic mass AME

Angeli & Marinova

Point
Sphere
Fermi-2.3fm

RMS Radius:

Nuclear model:

Light nuclei (proton, deuteron,…) mass from here

The rest from: Nuclear mass ≈ 𝐴𝑡𝑜𝑚𝑖𝑐 𝑚𝑎𝑠𝑠 − 𝑍 × 𝑚𝑒

User input mass (useful also to take to ∞)

Wishlist:

https://www.mdpi.com/2218-2004/12/2/8


Wishlist 2: enable input of nuclear radius and model

Why change radius:

• Implement updated radii from literature

• Test sensitivity:  
𝑑𝐸

𝑑𝑅2 

• Add other effective contact terms (e.g. Darwin-Foldi) 

Why change nuclear model:

• Implement measured models (mostly from VJV1987)

• Check model-dependency of results
(e.g. scan Fermi skin parameter “t”)

• Compare with analytical perturbative calculations
 (usually gaussian and exponent)

https://www.sciencedirect.com/science/article/pii/0092640X87900131


Mass:

Status:

Atomic mass AME

Angeli & Marinova

Point
Sphere
Fermi-2.3fm

RMS Radius:

Nuclear model:

Regular updates for example:
• H to 4He from here
• 6Li to 13C from here
• …

User input RMS radius (highly useful)

Future: MuDirac+Data=updated Radius

Wishlist:

Light nuclei (proton, deuteron,…) mass from here

User input mass (useful also to take to ∞)

The rest from: Nuclear mass ≈ 𝐴𝑡𝑜𝑚𝑖𝑐 𝑚𝑎𝑠𝑠 − 𝑍 × 𝑚𝑒

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.96.015001
https://www.mdpi.com/2624-8174/6/1/15
https://www.mdpi.com/2218-2004/12/2/8


Mass:

Status:

Atomic mass AME

Angeli & Marinova

Point
Sphere
Fermi-2.3fm

RMS Radius:

Nuclear model:

Regular updates for example:
• H to 4He from here
• 6Li to 13C from here
• …

User input RMS radius (highly useful)

Future: MuDirac+Data=updated Radius

Gaussian and exponent (for comparing with literature)

User input fermi skin thickness parameter

Measured models (De-Vries 1987)

Wishlist:

Light nuclei (proton, deuteron,…) mass from here

User input mass (useful also to take to ∞)

The rest from: Nuclear mass ≈ 𝐴𝑡𝑜𝑚𝑖𝑐 𝑚𝑎𝑠𝑠 − 𝑍 × 𝑚𝑒

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.96.015001
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Example on usefulness of scanning M and light-speed:
Δ𝐸𝑉𝑃 = 𝐸 𝑝𝑜𝑖𝑛𝑡, 𝐸𝑒ℎ𝑙𝑖𝑛𝑔: 𝑇𝑟𝑢𝑒 − 𝐸 (𝑝𝑜𝑖𝑛𝑡, 𝐸𝑒ℎ𝑙𝑖𝑛𝑔: 𝐹𝑎𝑙𝑠𝑒)



𝛼 𝛼𝑍 2

Example on usefulness of scanning M and light-speed:

𝛼2 𝛼𝑍 2 𝛼3 𝛼𝑍 2Nonrelativistic: …

Relativistic: 𝛼 𝛼𝑍 4 𝛼2 𝛼𝑍 4 𝛼3 𝛼𝑍 4 …

High-order
Relativistic: 𝛼 𝛼𝑍 6 𝛼2 𝛼𝑍 6 𝛼3 𝛼𝑍 6 …

Perturbation level

Binding

… … …

Δ𝐸𝑉𝑃 = 𝐸 𝑝𝑜𝑖𝑛𝑡, 𝐸𝑒ℎ𝑙𝑖𝑛𝑔: 𝑇𝑟𝑢𝑒 − 𝐸 (𝑝𝑜𝑖𝑛𝑡, 𝐸𝑒ℎ𝑙𝑖𝑛𝑔: 𝐹𝑎𝑙𝑠𝑒)

What is inside Δ𝐸𝑉𝑃:

Known

Difficult

unknown
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Example on usefulness of scanning M and light-speed:

𝛼2 𝛼𝑍 2 𝛼3 𝛼𝑍 2Nonrelativistic: …

Relativistic: 𝛼 𝛼𝑍 4 𝛼2 𝛼𝑍 4 𝛼3 𝛼𝑍 4 …

High-order
Relativistic: 𝛼 𝛼𝑍 6 𝛼2 𝛼𝑍 6 𝛼3 𝛼𝑍 6 …

Perturbation level

Binding

… … …
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What is inside Δ𝐸𝑉𝑃:

• Missing relativistic-recoil beyond reduced mass. 
Isolate by taking M->infinity and complement with perturbation theory

• Isolate nonrelativistic terms by taking C->infinity. 

• Isolate high-order remainder by subtracting first terms from 
perturbation theory.

Known

Difficult

unknown



𝛼 𝛼𝑍 2
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Isolate by taking M->infinity and complement with perturbation theory

• Isolate nonrelativistic terms by taking C->infinity. 

• Isolate high-order remainder by subtracting first terms from 
perturbation theory.
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𝑐 → ∞

𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙
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RMS Radius:

Nuclear model:

Regular updates for example:
• H to 4He from here
• 6Li to 13C from here
• …

User input RMS radius (highly useful)

Future: MuDirac+Data=updated Radius

Gaussian and exponent (for comparing with literature)

User input fermi skin thickness parameter

Measured models (De-Vries 1987)

Wishlist:

User input mass (useful e.g. to take to ∞)

Light speed /
Alpha : Regular “infinity” (removing relativistic effects)

The rest from: Nuclear mass ≈ 𝐴𝑡𝑜𝑚𝑖𝑐 𝑚𝑎𝑠𝑠 − 𝑍 × 𝑚𝑒
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RMS Radius:

Nuclear model:

Regular updates for example:
• H to 4He from here
• 6Li to 13C from here
• …

User input RMS radius (highly useful)

Future: MuDirac+Data=updated Radius

Gaussian and exponent (for comparing with literature)

User input fermi skin thickness parameter

Measured models (De-Vries 1987)

Wishlist:

User input mass (useful e.g. to take to ∞)

Light speed /
Alpha : Regular “infinity” (removing relativistic effects)

+ More digits (for 
individual energies)

Light nuclei (proton, deuteron,…) mass from here

The rest from: Nuclear mass ≈ 𝐴𝑡𝑜𝑚𝑖𝑐 𝑚𝑎𝑠𝑠 − 𝑍 × 𝑚𝑒

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.96.015001
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Adding more QED terms
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Light systems are more difficult than medium mass systems!

I suggest for 2.0
(x10 accuracy)
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Adding the missing pieces:

1a. Leading-order self-energy corrections:
Calculate Bethe logs, or lookup table:

Simple equation valid
for muonic atoms:
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1b. Leading-order muon VP:
• Option 1: Replace 10/9 with 38/45 above (only valid for muonic atoms)

• Bonus: Hadron-VP is muon-VP times 0.675(16) (only valid for muonic atoms)

• Option 2: change mass in Euhling potential (valid also for e.g. antiprotonic atoms)
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2. Leading-order nuclear polarization 
• Need look-up table with values from literature. Also new initiatives at Mainz (Bacca, Gorschteyn, Orishkina, …)

• Implement scaling  with nuclear wavefunction overlap? Or as effective nuclear radius?
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Adding the missing pieces:

1a. Leading-order self-energy corrections:
Calculate Bethe logs, or lookup table:

Simple equation valid
for muonic atoms:

1b. Leading-order muon VP:
• Option 1: Replace 10/9 with 38/45 above (only valid for muonic atoms)

• Bonus: Hadron-VP is muon-VP times 0.675(16) (only valid for muonic atoms)

• Option 2: change mass in Euhling potential (valid also for e.g. antiprotonic atoms)

2. Leading-order nuclear polarization 
• Need look-up table with values from literature. Also new initiatives at Mainz (Bacca, Gorschteyn, Orishkina, …)

• Implement scaling  with nuclear wavefunction overlap? Or as effective nuclear radius?

3. Kallen-Sabri potential 
• Same as was done with Euhling.



Example: Ongoing reevaluation of 27Al radius

Calculated with MuDirac !



Summary

• MuDIRAC very useful tool: Pedagogical, fundamental, QED, …

• Wish to scan more inputs (mass, radius, model, light-speed,…)

• Wish to add QED: Self-energy, Muon VP, VP2, …

• Add a nuclear polarization (look-up table+scaling)

• At some point, invert logic  MuDIRAC3.0+Experiment=improved radii



• MuDIRAC very useful tool: Pedagogical, fundamental, QED, …

• Wish to scan more inputs (mass, radius, model, light-speed,…)

• Wish to add QED: Self-energy, Muon VP, VP2, …

• Add a nuclear polarization (look-up table+scaling)

• At some point, invert logic  MuDIRAC3.0+Experiment=improved radii

Summary

A lot of work, but deterministic and 
modular:

 well-suited for community effort!
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