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Basic equations on lattice design
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Lattice Design

Circular orbit

Magnetic Field (Gauss)
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Magnetic field map of a dipole magnet.
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Lattice Design

Circular orbit
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Example: LHC Dipoles... / Bdl = NIB = 27p/e
N = 1232
[=15 277000 * 10”eV
i B =~ " e 2 = 8.3Tesla
g = +1le ex 1232 % 15m x 3 % 108m /s
g J
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Lattice Design

Transfer matrix for periodic lattice cells
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Lattice Design

(1) sin(a+b) = sin(a) * cos(b) + cos(a) * sin(b)  cos(a + b) = cos(a) * cos(b) — sin(a)sin(b)

2(s) = e/ Bs(cosipscosd — sinpgsing)  Solution of Hill's equation.
(2) e

1’ (5) = — 4 (ascosthsco08p — agsinipgsing + sinscosd + cosyhssing)

Bs

L0 QpT

1
(3) r1nitially,  2(0) = z0,%(0) =0 CO5Q = NG sing = —;(5176 Bo + \/E)

(4) x(s) = \/%(cosws + agsinis)zo + (\/ BsBosinis)x;

1
V 6560

(o0 — avs)cosths — (1 + apas)sinas)zo + || 5 (costs — asinib, )z

Bs

r'(s) =

Transfer Matrix in Terms of Beta Function

(5) M= B (costps + apsini) (VBsPosinys)
Blsﬂo (g — as)cosths — (1 + apas)sinyy) \/%(COS% — Qssiny;)
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Lattice Design

\/%@()S?vbs + apsinis) (VBsBosinis)

Bl = ((ag — as)cosps — (1 4+ apas)sinis) %(cosws — gSINYs)

M =

In a periodic lattice Twiss parameters will have the same value as their initial values after a full turn.

68 — 5S+L Usg = Qs+, Vs = Vs+L B 60 — 687 p = (g,

COSwturn + Qg 8in¢turn

Bs Sinwturn

1 2
_( —I_ as) Sinwturn

Bs

COSwturn — (g 8in¢turn

Transfer Matrix for a Periodic Lattice

M(S) pyr Coswturn T QSSinwturn
P — s Sinwturn
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Lattice Design

Transfer matrix for Twiss parameters
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Lattice Design

_ /12 / 2
Liouville Theorem € = P52 + 202" + s
€ = constant —

12 / 2
e = Boxg + 20502 + Yo
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> Substitute xO and x0’ in the equation; reorganise in terms of x and x’, then compare the coefficients.

e = Bo(Cx’ — C'x)* 4 20(S'x — S2')(Cx' — C'x) + 7o (S'z — Sz')?

Transfer matrix for Twiss Parameters

B(s) = C*By — 28Cag + S*vg

a(s) = —CC'By + (SC" + 5'C)ay — SS"vo

v(s) = C"?By — sS'C'ag + S
» Twiss parameters given at any point of the lattice and an appropriate transfer matrix can be used

to calculate the values of the parameters at another location at the ring.

» Transfer matrix depends on the focusing properties of the lattice.

Dr. Oznur Mete Apsimon 9



Lattice Design

In summary...
Transfer Matrix for Periodic Lattice

cospt + as)sinpu B(s)sin
M = . .
—y(s)sinu cospt — a(s)Ssin

Stability condition
Trace(M) < 2

Transfer Matrix for Twiss Parameters

6] C* —25C S? B0
o = | —CcC" SC'"+CS =S¢ %
~y 0/2 99’ S/Q Yo

S

»Twiss matrix is simpler for periodic lattices.
»Twiss parameters o, 3, v, depend on the position, 's”, around the ring.

»Phase advance, u, is independent of the position.
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Lattice Design

e Let's Remember the FODO Cell -.-.-.-.-

half cell

MFoDo :MQF*MD *MQD *MD *MQF

Morp =

1 .
cos\/|K|s msm K |s
—/ | K|sin+/| K |s cos\/|K|s
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Lattice Design

e Let's Remember the FODO Cell -.-.-.-.-

Transfer matrix of a FODO cell under thin lens approximation:

1 l
Mropo L+t 1-4
22 2f 22

Phase advance in terms of FODO cell parameters in a periodic lattice:

Trace of a transfer 1 l% l%
matrix per turn

Lce Lce
sin(p/2) = ZCell _ Lee

1/ 2f Ilp = Lcen/2
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Lattice Design

e Let's Remember the FODO Cell -.-.-.-.-

Magnetic length and strength of quadrupoles:

K = +0.54102m 2

0.707  8.206 . .
l, = 0.5m Mropo = _0.061 0.707 Using thick lenses.
ld = 2.9m
Stability of a FODO cell: Trace(Mpopo) = 1.415 —< 2
M( ) . Coswturn + O‘sSinwturn ﬁSSinwturn
Phase advance per cell: 5) = N T COSWinrm — CaSINYturm
1
cos(u) = 5 x Trace(Mp,p,) = 0.707

1
= arccos(§ * Trace(Mpopo)) = 45°

— M(1,2
Alpha and beta functions: o = M(1,1) — cos(p) — 0 (1,2)

= = 11.611
sin() sin(p) "
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Lattice Design

Summary...
Phase advance per FODO cell aintt Lcen
2 4fq
. Lcen
Stability of a FODO cell fo > 1
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Lattice Design

Beta functions in a FODO cell

\/%(COS% + CVOSWMDS) (\/ 586057;7“7&8)

m((ao — ag)cosths — (1 + apas)sinys) %(0031% — @;s8ins)

back...
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Lattice Design

Beta functions in a FODO cell

Lets move from the first focusing magnet to defocusing magnet in a FODO cell...

S’_3_1+£_f_1+sinu/2 S B 4f? (2
C B 1—4 1—sinu/2 cr g=47 sin2u/2
r N
B _ (1 + Sin%)LCe” B _ (1 — Sin%)LCe”
SIN LU SIN L
N y
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Lattice Design

In addition...
A /2 ) 1+ Lsink
Dispersion for a FODO cell: P sin®5

2 _ 1k
D:l >:<1 5 SN 5

2 M
0 SIN< 5

1

dr

Chromaticity for a FODO cell:  Qistar = (K (s) —mD(s))B(s)ds
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