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1. Write down expressions for the phase-space coordinates (x, px) of a
single particle in terms of the action-angle variables Jx and φx for
that particle.

2. Consider a bunch of a large number of particles in which the angle
variables for the different particles have a uniform random distribution
between 0 and 2π. Show that:

〈x2〉 = βxεx (1)

〈xpx〉 = −αxεx (2)

〈p2x〉 = γxεx (3)

where the brackets 〈·〉 indicate an average over all particles in the
bunch, and the Twiss parameters αx, βx, γx relate the action variable
to the variables x and px in the usual way. How is the bunch emittance
εx related to the action variables of the particles in the bunch?

3. Using the expressions given in Problem 2 and the relation between the
Twiss parameters:

βxγx − α2
x = 1 (4)

derive an expression for the emittance in terms of the second-order
moments of the bunch distribution.

4. Using your result from Problem 3, show that the eigenvalues λ± of the
matrix Σ · S where:

Σ =

(
〈x2〉 〈xpx〉
〈xpx〉 〈p2x〉

)
, S =

(
0 1
−1 0

)
(5)

are λ± = ±iεx.
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5. Consider a 2× 2 transfer matrix R given by:

R = I cosµx + S ·Ax sinµx (6)

where I is the 2 × 2 identity matrix, µx is a real number, and the
matrix Ax is constructed from the Twiss parameters:

Ax =

(
γx αx

αx βx

)
(7)

Show that, if the second-order moments of the beam distribution sat-
isfy equations (1), (2) and (3), then the beam distribution is “matched”
to the transfer matrix, i.e. the beam distribution matrix is invariant
under the transformation:(

x
px

)
→ R ·

(
x
px

)
(8)
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