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Phys481 – Accelerator Physics

Mid-term feedback
Only six responses received – rather disappointing engagement with feedback process.
General Comments
“I like the structure of pre recorded as i can pause and take my time. Live session also really helpful when going in more 
detail.”
[we received] “immediate feedback in the tutorial…was helpful to help us remember the important points.”
Good practice
“Linking to real world examples regularly” – consider attending Daresbury Lab visit.
“Nice clear structure of canvas for module.”
“The poster task is very useful for developing report reading and presentation skills” – remember submission deadline
Suggestions for improvement
“Timetabling has not worked well” (discussed in more detail in SSLC)
• We are now releasing the material that students need to engage with before the Monday live-session already on 

Wednesdays rather than the Fridays before the Monday session.
“Pace was sometimes too high”
• Live sessions focus on learning outcomes – we recommend going through material again in own pace.
• (clarified in SSLC): Focus will now be put more on derivations, physics background and meaning of material, rather 

than description of equations and slide content.
We have adapted the content acc  ording to interests expressed in week 2 and hope you continue to enjoy the module. 

Please remember to engage with all sessions fully.



Learning objectives

Concepts of emittance, dispersion, chromaticity, tune of an accelerator 
and resonances


Homogenous and inhomogeneous equation of motion (off-momentum 
particles)


Strong focusing with quadrupoles


Different forms of transfer matrices (in terms of Twiss parameters, non-
periodic, per turn of a periodic lattice etc.)



Emittance 
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Phase	Space
• The	Twiss	(or	Courant-Snyder)	parameters	 	have	a	geometric	meaning:α, β, γ

x(s) = ϵβ(s)cos(μ(s) + μ0) x′￼(s) =
ϵ

β(s)
(sin(μ(s) + μ0) + α(s)cos(μ(s) + μ0))(1)

(2) cos(μ(s) + μ0) =
x(s)

ϵ β(s)
sin(μ(s) + μ0) =

βx′￼+ αx

β(s) ϵ

(3) cos2(μ(s) + μ0) =
x2(s)
ϵβ(s)

sin2(μ(s) + μ0) =
1
ϵβ (β2(sx′￼2(s) + 2β(s)α(s)x′￼(s)x(s) + α2(s)x2(s))

(4) sin2(μ(s) + μ0) + cos2(μ(s) + μ0) = 1(4)

(5) ϵ = γ(s)x(s)2 + 2α(s)x(s)x′￼(s) + β(s)x′￼(s)2 • Function	value	of	s-dependent	
quantities	is	constant.

α(s) =
β′￼

2
γ(s) =

1 + α(s)2

β(s)
Note:
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⌅ = ⇤(s)x(s)2 + 2�(s)x(s)x�(s) + ⇥(s)x�(s)2



Emittance
•Statistical	definition
Emittance	characterises	the	spread	of	an	ensemble	of	particles	in	a	2D	(x,x’)	phase	space.

Emittance	is	a	measure	of	the	phase	
space	area	occupied	by	a	beam.

ϵx,rms = ⟨x2⟩⟨x′￼
2 ⟩ − ⟨xx′￼⟩2

⟨x2⟩ =
1
N

N

∑
i=1

(xi − ⟨x⟩)2

⟨x′￼
2 ⟩ =

1
N

N

∑
i=1

(xi′￼− ⟨x′￼⟩)2

⟨xx′￼⟩ =
1
N

N

∑
i≠j

N

∑
j=1

(xi − ⟨x⟩)(xj′￼− ⟨x′￼⟩)
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Emittance
Take	an	arbitrary	particle	orbit	in	terms	of	lattice	Twiss	parameters	(general	solution	of	Hill’s	equation):

(i = 1 to N)
xi(s) = ϵiβ(s)cos(ψ(s) + ϕi)

xi′￼(s) = = ϵi/β(s)(α(s)cos(ψ(s) + ϕi) + sin(ψ(s) + ϕi))

⟨x2⟩ =
1
N

N

∑
i=1

ϵiβ(s)cos2(ψ(s) + ϕi) = β(s)⟨ϵ⟩

⟨x′￼
2 ⟩ = γ(s)⟨ϵ⟩

⟨xx′￼⟩ = α(s)⟨ϵ⟩

Courant-Snyder	invariant	is	independent	of	s.	

ϵrms =
1
N

N

∑
i=1

ϵi = ⟨ϵ⟩



Emittance
•Statistical	definition	(see	the	codes…)

A 6D beam distribution Corresponding transverse phase space and rms emittances



Strong focusing 
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Evolution	of	phase	space	in	a	FODO	cell
Remember:

Symmetric	transfer	matrix	for	centre	to	centre	distance	between	the	focusing	
quadrupole	magnets.

MFODO =
1 − L2

2f 2 2L(1 + L
2f )

− L
2f 2 (1 − L

2f ) 1 − L2

2f 2
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Evolution	of	phase	space	in	a	FODO	cell
• A	large	β-function	corresponds	to	a	large	beam	size	and	a	small	divergence.

In	the	middle	of	focusing	
quadrupole,	QF,	 	is	
maximum	( 	is		minimum),	
and		 .

βx
βy

αx,y = 0

In	the	middle	of	defocusing	
quadrupole,	QD,	 	is	
maximum	( 	is		minimum),	
and		 .

βy
βx

αx,y = 0



Transfer matrix in terms of Twiss parameters 
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Transfer	matrix	in	terms	of	Twiss	parameters
cos(a + b) = cos(a) ⇥ cos(b)� sin(a)sin(b)sin(a + b) = sin(a) � cos(b) + cos(a) � sin(b)

x(s) =
⇥

⇥
�

�s(cos⌅scos⇤� sin⌅ssin⇤)

x�(s) = �
⇥

⇤

⇥s
(�scos⇧scos⌅� �ssin⇧ssin⌅ + sin⇧scos⌅ + cos⇧ssin⌅)

cos⇤ =
x0�
⇥�0

sin⌅ = �1
⇤
(x�

0

�
⇥0 +

�0x0⇥
⇥0

)

x(s) =

⇥
⇥s

⇥0
(cos⇤s + �0sin⇤s)x0 + (

�
⇥s⇥0sin⇤s)x�

0

x�(s) =
1⇥

⇥s⇥0
((�0 � �s)cos⇤s � (1 + �0�s)sin⇤s)x0 +

�
⇥0

⇥s
(cos⇤s � �ssin⇤s)x�

0

M =

�

⇤

⇧
�s

�0
(cos⇤s + �0sin⇤s) (

⇥
⇥s⇥0sin⇤s)

1�
�s�0

((�0 � �s)cos⇤s � (1 + �0�s)sin⇤s)
⇧

�0
�s

(cos⇤s � �ssin⇤s)

⇥

⌅

(1)

(2)

(3)

(4)

(5)

x(0) = x0, �(0) = 0

Using	trigonometric	identities: and

We	can	re-organise	the	solutions	
of	Hill’s	equation:

Let’s	determine	the	initial	
conditions	as: Hence,

Substituting	these	to	eliminate	
the	arbitrary	phase:

The	transfer	matrix	in	terms	of	the	
beta	functions	(or	non-periodic	
transfer	matrix):
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Transfer	matrix	in	terms	of	Twiss	parameters

M =

�

⇤

⇧
�s

�0
(cos⇤s + �0sin⇤s) (

⇥
⇥s⇥0sin⇤s)

1�
�s�0

((�0 � �s)cos⇤s � (1 + �0�s)sin⇤s)
⇧

�0
�s

(cos⇤s � �ssin⇤s)

⇥

⌅

The	transfer	matrix	for	a	turn	in	a	regular	lattice	is	given	as	below.

• In	a	periodic	lattice	Twiss	parameters	will	have	the	same	value	as	their	initial	values	after	a	full	turn.	

�s = �s+L �s = �s+L �s = �s+L ⇥0 = ⇥s, �0 = �s,

M = (cosμL + αssinμL βssinμL

−γssinμL cosμL − αssinμL) where	 	is	the	phase	advance	per	period.μL

μL = ∫
s+L

s

ds
β(s)

Remember	the	tune	is	the	phase	advance	in	units	of	 :2π Q =
1

2π ∮
ds

β(s)
=

μL

2π
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R. J. Steinhagen, https://cds.cern.ch/record/1213281/files/p317.pdf

https://cds.cern.ch/record/1213281/files/p317.pdf
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• Consider	the	values	of	the	matrix	elements	for	a	turn	and	calculate	the	tune	of	the	accelerator.

M = (cosμL + αssinμL βssinμL

−γssinμL cosμL − αssinμL) = ( 0.866 50
3.6e − 4 0.866) Q =

1
2π ∮

ds
β(s)

=
μL

2π

Break-out time!

• Do	you	expect	any	resonance	driven	beam	losses?



Synchrotron
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Synchrotron
• Synchronous	accelerator	since	there	is	a	synchronous	RF	phase	for	which	the	energy	gain	fits	the	increase	of	
the	magnetic	field	at	each	tune.	That	implies	the	following	operating	conditions.

e ̂Vsinϕ

ϕ = ϕs = constant

ωRF = hωr

ρ = constant, R = constant

Bρ = p/e → B

Energy gain per turn

Synchronous particle’s phase

RF synchronism (h-harmonic number)

Constant orbit

Variable magnetic field

• We	can	vary	the	magnetic	field	for	changing	beam	
energy	to	maintain	the	same	orbit.


• We	can	vary	RF	frequency	to	maintain	synchronism.

2πR = hλRF
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FODO	cell
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FODO	cell
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FODO	cell
•Maximum	and	minimum	Twiss	parameters

POP	QUIZ:	In	a	FODO		cell,	α=0	in	the	middle	of	a	
quadrupole,	β	is	maximum	(minimum)	in	middle	

of	a	QF	(QD),	prove	the	expressions	for	
	and	 	.	βmax = ̂β = β+ βmin = β̌ = β−
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Dispersion
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Off-momentum	particles	and	dipoles
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Inhomogeneous	Hill’s	equation
Derivation	of	the	equations	of	motion	for	off-momentum	particles:

(From	Lecture	1	-	Part	3)

Repeat	the	calculation	taking	into	account	a	small	momentum	variation.
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Inhomogeneous	Hill’s	equation
The	equations	of	motion	for	off-momentum	particles:

x′￼′￼+ K(s)x =
1
ρ

Δp
p0

The	solution	is	a	sum	of	the	homogeneous	equation	(on-momentum)	and	inhomogeneous	(off-momentum).

x(s) = xβ(s) + xD(s)

x′￼′￼β + K(s)xβ = 0

x′￼′￼D + K(s)xD =
1

ρ(s)
Δp
p0

We	may	define	the	dispersion	function:

D(s) =
xD(s)
Δp/p0
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Dispersion	function	in	a	FODO	lattice
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Dispersion	and	beam	size
How	does	dispersion	change	the	beam	size?

σx = βxϵx + D2( σp

p0 )
2

σp

p0
= ⟨( Δp

p0 )
2

⟩Relative	rms	
momentum	spread.

σx = βxϵx + D
σp

p0

Quadratic	sum

Linear	sum

(more	conservative	for	
aperture	studies)



Calculate the proton beam size at injection into LHC.

Location=~3969.26 m ("@QF.41610")

βx = 106.6 m

Dx = -0.44 m

εx = 1x10-8 m

Δp/p = 0.287x10-3 

Injection point into LHC from SPS

Break-out time!



Chromaticity



Tune: frequency of the betatron oscillations


Chromaticity: its dependence on particle momentum


Therefore in presence of beam momentum spread chromaticity can cause unwanted tune 
spread


Unlike beam trajectory, current, radius, orbit, tune and chromaticity are the first non-trivial 
parameters that can not be measured directly.

Chromaticity
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Chromaticity
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Chromaticity	correction
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Chromaticity
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x′￼′￼+ (k(s) + 1
ρ2(s)

) ⋅ x = 1
ρ(s)

Δp
p + fx(s, t)

y′￼′￼− k(s) ⋅ y = 0 + fy(s, t)

Perturbed particle motion described by Hill’s equation: Notice the form:

F
Δp
p

∼ k ⋅ x

Chromaticity correction is done by means of a sextupole magnet at a location with non-
vanishing dispersion where particles are sorted according to their momentum.

Driving terms for a sextupole:

Perturbation terms

{
fx(s) = + 1

2 m(s) ⋅ (x2 + y2)
fy(s) = + m(s) ⋅ xy

m(s) =
q
p

∂2B
∂x2
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unperturbed coordinate

D(s) ⋅
Δp
p

+ xβ(s)

x

perturbed coordinate

fx(s) =
1
2

m(s)[(D(s)
Δp
p

+ xβ)
2

]
=

1
2

m(s)[(D(s)
Δp
p )

2

+ 2D(s)
Δp
p

xβ(s) + x2
β(s)]

= m(s)D(s)
Δp
p

xβ(s) + . . . first order perturbation m(s)D(s) ∼ k(s)

Q′￼ = ∓
1

4π ∮ β(s) [k(s) + m(s)D(s)] ds
Total chromaticity in a lattice 
including the contribution from 
sextupoles.



Resonances









LHC working points in tune diagram

https://cds.cern.ch/record/1213281/files/p317.pdf

Footprint for injection

Footprint for collisions

Max allowed tune 
tolerance during 

injection

https://cds.cern.ch/record/1213281/files/p317.pdf

