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Summary

Describe high harmonic generation as a beat wave process with beat wave spectra
Novel analysis using CP waves, signed frequencies and W=E, + i"E,

Use CP laser beams and structured targets to generate spectra “to order”
Generate bespoke frequency combs by taking a 1-D subset from a 2-D spectrum
Describe the HHG spectrum via symmetries of the beam-target configuration

Relate to spectral theorems by Noether, Laue, Mathieu, Floquet and Bloch

Science and R. Trines et al., Nature Communications 15, 6878 (2024).
& Technology R. Trines et al., Phys. Rev. Research 8, 013241 (2026).
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R. Trines et al., arXiv:2507.08635 (2025).



Beat wave to drive plasma waves

«Start with two spectral lines with separation A\ or Aw

Let those “beat” in a (resonant) nonlinear medium
*Perturbation in medium with frequency Aw: plasma

wave to accelerate electrons

*Spectrum shows "side bands”: extra lines also

separated by Aw

*Similar: OAM side bands in Raman amplification

*All harmonic spectra as beat waves !?
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From beat wave to HHG:
conventions used here ‘\w/0=+w

Need to use special conventions to describe a harmonic

spectrum as a jumped-up beat wave /
_)

« Write all laser fields as superpositions of CP laser modes E

(yes, the opposite of what everyone else does!)
« Spin o = 1, frequency w > 0 always

« Treat LCP and RCP modes as different harmonics with w/o=-w
different signs of w/o rather than two polarisations of the . \
same harmonic E

These conventions will make it much easier to calculate and
visualise the harmonic progression (as a beat wave)

Use quotient w/o (or k/o, /o, ...)

Technology
Facilities Council

Not just w




Why w/o? Example: PRA 98, 011401 (2018)

* Pump: w with RCP, 2w with LCP, Aw=1, A(w/0)=3
= W-spectrum stutters, some frequencies "suppressed”
* w/o-spectrum is regular, looks like a beat-wave spectrum

w-spectrum from paper Same data! w/o-spectrum by me
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Two variables: frequency w, OAM level €

2
= Two pump modes with B @ oan
frequencies w and 2w, OAM 13
levels +1 and +1, and L- and R- o
circular polarization 0 ﬂ;:ﬁ
= Aw=1, Al=0, does not match step i_.‘_il
sizes in graph . —
= Need two curves to describe L S0 1T 12 13 12 15 16 17 15 19 20 20 22 23
- Harmonic order
and R-polarized harmonics
separately
= Relationship between pump
modes at (1,1) and (2,1) and ®: Pump modes
harmonic progression not obvious Image from PRL 122, 203201 (2019).
E. Pisanty et al., Phys. Rev. Lett. 122, 203201 (2019).
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Technology  _ K. Dorney et al., N. Photon 13, 123 (2019).
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Now use w/o and €/o instead of w and 2
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Harmonic order

* Rotate the RCP modes by 180 degrees
* Leave the LCP modes in place

e Pump modesat(-2,-1) and (1,1)
e Suddenly all modes on a single line, with
spacing A(w/o, €/0) =(3,2)



HG with funky laser beams

Beam with radial polarisation,

LP beam with OAM, £=1, &, = q*1 Mobius beam, Luttmann etal.,  A. De Las Heras et al., Optica
Zhang et al., PRL 114, 173901 (2015). Sci. Adv. 9, eadf3486 (2023). 11, 1085 (2024).
2/o L’
@ I 4 1
/
@ i
é 9 -1
/ .
@r@) & {
, w/o
/® .
6/6 &®: Pump modes |
// @: Harmonics =) = ' '
L B i1 il
HArOMC or i
Techmoiogy. Rotate half the points, then everything

Facilities Council

on the same line with equal spacing!



HG in (w/o, €/o) plots: like a beat wave

CP without OAM, tight focus

LP, perp. incidence, pump
modes at w/o=%1, only odd

harmonics (frequency or OAM)
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CP, oblique incidence, all
harmonics thanks to "DC
mode” at w/o=0

Pump modes:
Alw/o)=1

2/o

‘P/ump laser

w/o

DC mode at (0,0)} caused

by geometry (broken
symmetry), vanishes for

perp. incidence

Lichters, Meyer-ter-Vehn and
Pukhov, Phys. Plasmas 3, 3425

onto circular dent in target
"Negative” harmonics always

ignored

Pump modes:
Aw/o, €/c) = (1,1)

These are kept

®
These are all ® (ﬂ

ignored »

w/o
Pump laser at (1,0)

DC mode at (0,-1)
due to target
geometry

Wang et al., Nature Comms. 10, 5554 (2019).
Li et al., New J. Phys. 22, 013054 (2020).
Longging Yi, Phys. Rev. Lett. 126, 134801 (2021).



Harmonic progressions: 1-D vs 2-D

One LP pulse, 1-D progression, Two LP pulses at w and 2w
pump modes at w/o=x1, only

*Four modes, 2-D grid
odd harmonics

*Many values of k, per frequency w

k,/o =Spectrum is inversion-symmetric, so all
modes recombine to LP harmonics

—o— e Pumpmodes | /o

/// w/o

Pump modes:
Alw/o) =2

: Pump modes (all CP)
@®: Harmonics
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J. B. Bertrand et al., Phys. Rev. Lett. 106, 023001 (2011).



Shape your target: Lichters’ model revisited

Lichters model: intense laser pulse hits flat solid target. Oscillating target
surface drives harmonics in the reflected light

Lichters’ model: "oblique incidence”™ — vertical incidence on tilted target
Describe target surface with “height function” h(x,y)

Lichters’ equation revisited (W = E, + i"E,):

(02 — V)T = —w2(1 + U0

Y beats with Vh, so Vh provides the “DC mode” with zero w but nonzero {/o

Shape your target to determine £/o of the "DC mode”

 Tilted flat target (Lichters et al.): Vh =tan(a) e,, #/oc =0

« Circular dent or aperture (Wang et al., Li et al., Yi): Vh < e, , ¥/0 = -1
« General “g-plate” (our work): h = r'-9 cos[(1-q)¢], ¥/c = -q

pig B lechnology
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Lichters, Meyer-ter-Vehn and Pukhov, Phys. Plasmas 3, 3425 (1996).
R. Trines et al., Nature Comms. 15, 6878 (2024).



Simulation results: aperture targets (g=1, 2, 5)

Simulations and data processing: H. Schmitz, M. King
TRANSMISSION

Calculate spectrum of
WY(p,t) =Ex+i*Ey

Pump laser mode and
target modes ringed

Circular target provides
one mode, 1-D grid
Other targets provide
two modes, 2-D grid

Result: always the
regular grid generated
by the ringed modes

t/0

10

o A N ON A~ O

w/(wy0)

t/o

o A N ON D O
,

w/(wy0)

yIA

t/o0

10

o A N ON M O

R. Trines et al., Nature Comms. 15, 6878 (2024).

0

o L

| 10*

|G@ 10

I 1073
o
-4 -2 0 2 4

w/(wy0)

r]e/ncrit

Spectral power (arb.)



Frequency comb: 1-D subset from 2-D spectrum

* From earlier 2-D spectrum: select on-axis light to select modes with {/0=0

* Only selected frequencies have an {/0=0 mode: frequency comb!

« Shown are combs for circular aperture and apertures with 1-5 fold symmetry
« All 2-D harmonic progressions have the potential of a frequency comb
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2-D progression: symmetric frequency comb

* “Necklace beam”, Rego et al., Sci. Adv. (2022): two LP beams with “nearly
opposite” OAM, progression in (w,f) space, symmetric comb on w=0 axis

 Hickstein, N. Photonics (2015): two LP beams at small angle, progression in (w,k )
space, but no mention of combs, and no harmonics on-axis

« Qur idea: start from earlier work, but look off-axis for comb in (w,k,) space

L. Rego et al., Sci. Adv. 8, eabj7380 (2022). Two LP beams, separated by a
k /0 small angle, see also Hickstein,
® 2/o N N. Photonics (2015).
®
® ® © Cl) ® © V still acomb ©
|/ @ Frequency o N _-=-"
T /*\ —® I> comb! © g )@ Oh, no
& ® w/o =T no’corr’lbI
&@ TR ® e WO |
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Simulation results: super- jj_ N

Gaussian pulses N=1 N I i
 Spectral cuts: ck, /[w*tan(15°)] =1, 1/3, 1/5 m w f"“” [,W.q WW M” HW HMM'W »";W\W'W
» Peaks at (2n+1)*1, (2n+1)*3, (2n+1)*5, - | 7” il

from the same simulation! B
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HHG vs beat wave vs crystal scattering

Our work on HHG: Old beat wave result: Electron scattering off a
NComms 15, 6878 (2024) PRL 74, 2236 (1995) crystal (Wikipedia)
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Similar spectra, similar underlying theory!?



Symmetries?

Symmetry: an isometric coordinate transformation (translation, rotation,

mirror, inversion) that leaves a system invariant and maps solutions onto

solutions

 Much used in crystal theory, to map a crystal onto itself

« There symmetries dictate the wave vector spectrum (Laue equations)

* Much less used in the theory of HHG, but equally relevant

« Pump laser satisfies certain symmetries « symmetries imposed onto
nonlinear term A2A « nonlinear term drives harmonics, imposes the
same symmetries on them

Symmetry theory for HHG: keep A? invariant

* Marry the beat-wave approach to symmetry theory and spectral theorems

* Yes, also important for plasma physics (S. Li et al., NJP 22, 013054, 2020)

« Describe the HHG spectrum via symmetries of the beam-target configuration
* Relate to spectral theorems by Mathieu, Noether, Laue, Floquet and Bloch

Science and
& fechnology R. Trines et al., Nature Communications 15, 6878 (2024).
acilities Council

R. Trines et al., Phys. Rev. Research 8, 013241 (2026).
R. Trines et al., arXiv:2507.08635 (2025).



Symmetries in our HHG model

« Define Hamiltonian H = 9,2 — c2V? + f(|¥|?), equation H¥Y =0

« WriteW=W¥,+d¥, ¥Y,=%¥,+ ¥+ ... (all fundamental modes)

« Fundamental mode: any W that leaves H invariant, e.g. a CP mode that leaves A? (or E?)
constant: “does not beat’; for later; W is an eigenfunction for coordinate translations

« Evolution of dW : (82 —c?V3)dW + (W, W5 + W, W +...)¥;,=0

«  Symmetry: any isometric transformation of coordinate pace (t,X) that leaves H invariant, i.e.
transforms solutions into other solutions

« Allowed symmetry: leaves W, Wy, WA W , ... (original beat wave) invariant

« Allowed harmonics (side bands): W, d¥ , W5 dW¥ , ... invariant for every allowed symmetry
(multiply equation for d¥ with W™, W5, ...)

« Even symmetry (det=1, translation, rotation, ...) determines position of harmonic peaks
* Odd symmetry (det=-1, mirror symmetry, time inversion, ...) determines relations between
amplitudes and phases of harmonic peaks, e.g. a, = a.

Science and
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Noether vs Laue: two sides of the same coin

Light ray reflecting off a grating. One direction is Noether, the other is Laue.

continuous symmetry
/";‘ NN one direction of scattering
ZERERERE
h * ~ 4
N Noether
1‘ ~ . ~
\ * s = - ~
! ~ ~
\ » 5 ™ F
\ L - £
; h T~ discrete symmetry

multiple directions of scattering
Laue

Friedrich W, Knipping P, Laue M, "Interferenz-Erscheinungen bei Rontgenstrahlen”, Sitzungsberichte der Mathematisch-
Physikalischen Klasse der Koniglich-Bayerischen Akademie der Wissenschaften zu Minchen, 1912: 303 (1912).
Noether, E., "Invariante Variationsprobleme". Nachrichten von der Gesellschaft der Wissenschaften zu Gottingen.
Mathematisch-Physikalische Klasse (1918): 235-257.



Symmetries vs harmonic progressions
f/ﬂ'¢ l/o,

/Nﬂether 1
N w7 NN N e T

@ ® © 1

* One fundamental mode: all (even) * Two fundamental modes: one e Three fundamental modes: two
symmetries are continuous discrete (broken) symmetry discrete (broken) symmetries

* Noether’s theorem: up to 4 * One (weakened) Noether quantity « Two Noether quantities each
Noether-conserved quantities assumes a set of equidistant values  gssume a set of equidistant values

* Fundamental mode at intersection * Compare to Laue equations e Harmonic modes at intersections of
of these quantities * Harmonic modes at intersections the Noether quantities (Laue again)

* No HHG progression * 1-D HHG progression  2-D HHG progression

This hierarchy of symmetries only becomes visible because we use “fundamental
modes” with constant A2 and w/o, k/o etc., which most authors do not do



Connection with Bloch and Floquet theorems

Our work Mathieu Floquet Bloch
Starting point Wag = exp(i*Ka g X) exp(+i*xVa) exp(t*B), B a Plane wave
(translation e.f.) square matrix exp(i*k-x)
These terms WaWs , WA We ; 2q*cos(2x) Matrix A with A(t+T) | Periodic (lattice)
determines the these are periodic = A(t) potential V(x)
allowed symmetries
This rule sets the Wy W, W ¥, W exp(Fi*xVa) | W(t)*exp(-t*B) = W(t)*exp(-i*k-x)
harmonics W, wrt invariant under invariant under | P(t), P(t+T) = P(t) periodic like V(x)
starting point symmetries symmetries

Variations on a theme!

Science and ,
Technology E. Mathieu, Journal de Mathématiques Pures et Appliquées 13, 137-203 (1868).

Felix Bloch, Zeitschrift fur Physik $2 (7—-8): 555-600 (1928).
Gaston Floquet, Annales Scientifiques de I'Ecole Normale Supérieure 12, 47-88 (1883).



A final thought...

* Aw = 0: diffraction

0 <Aw < w,: scattering (e.g. Raman,
Brillouin)

* Aw > wy: harmonic generation

« But how different are these processes
really?

 Diffraction: stationary grating

« Scattering: slowly moving grating

* Harmonic generation: grating moves at c
and spacing less than A,

 The same idea every time...

Science and
Technology
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Conclusions

We have developed a novel way to describe, study and diagnose harmonics
 Decompose all EM waves into fundamental CP modes; DC modes to describe targets
« All (w/o, k/o) spectra look like regular grids; explains many existing results

 We can generate spectra to order using structured targets

Frequency combs

« Every 2-D progression has the potential for a frequency comb

« Use two LP pulses with different OAM levels or transverse angles, or one pulse with a
corrugated target, to create a 2-D progression

Symmetry theory

« Harmonic spectra can also be described via symmetry theory, symmetries of W2

« Direct links to Noether’s Theorem (cont. symm.) and the Laue equations (discrete symm.)
* Further connections to Mathieu, Floquet and Bloch theory

Beyond plasma physics: HHG in chiral media R. Trines et al., Nature Comms. 15, 6878 (2024).
« See R. Trines et al., arXiv:2604.08354 (2026). R. Trines et al., Phys. Rev. Research 8, 013241 (2026).

R. Trines et al., arXiv:2507.08635 (2025).
R. Trines et al., arXiv:2604.08354 (2026).



Bonus: HHG in chiral media

 We have expanded our beat-wave approach to “asymmetrical” HHG in asymmetrical
(chiral) molecules (molecule has left- and right-handed versions)
* Not enough time now, but just to whet your appetite

» Interaction of laser light with the "transverse spin” of a focused beam leads to a (bonus)
chiral DC mode, which changes sign when you change the handedness of your molecule

« This DC mode, together with the (achiral) laser modes, generates a harmonic
“‘chessboard” spectrum where half the modes are chiral and half achiral

« Thus, if you change the handedness of your molecule, half your harmonics will change
sign and half will not. This can be analysed in many ways

In our paper, we derive:

« The chiral DC mode for suitable types of structured light

» Rules that distinguish between various types of chirality (mostly global vs local)
* Rules to switch from one type of chirality to another

Science and

Facilties Council R. Trines et al., arXiv:2604.08354 (2026).
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