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producing 3 - 200 ps long, transform limited, 10 µm laser 

pulses operating at a pulse repetition frequency of 1 Hz. A 

pair of 10P(20) and 10P(16) CO2 laser lines, amplified 

synchronously in the same cavity, were chosen for this 

study providing a wavelength difference of Δλ = 10590 nm 

– 10550 nm = 40 nm or a frequency difference of Δν = 106 

GHz. In this experiment we have used 150 MW, 200 ps 

long CO2 laser envelope (see Fig. 1) modulated at the 106 

GHz beat-frequency with output evenly distributed 

between the 10P(20) and 10P(16) lines.  In experiment the 

laser fluence was below the 1-1.5 J/cm2 damage threshold 

of the AR coatings of the GaAs samples, which provided 

nearly 100% transmission.  

 
Fig. 1: (a) A dual-wavelength laser pulse produces a comb of 

sidebands separated by the beat frequency after passing through 

a nonlinear medium. (b) Schematic of the experimental set-up for 

the compression of a CO2 laser beat-wave in GaAs.  The left 

insert is a typical spectrum which shows the first two sidebands 

on the red side after the pulse propagates through the GaAs 

crystal. The right inserts show the  measured spatial beam 

profile (top) and the temporal envelope of the beat-wave (bottom). 

  
 The laser beam, focused to a peak intensity of 0.75 
GW/cm2, was sent through a single-pass of one or two 67 
mm long, semi-insulating, Cr-doped GaAs crystals or in a 
double pass configuration providing interaction lengths of 
67, 134 or 268 mm, respectively.  
  After the GaAs crystal, the spectrum and temporal 
pulse structure of the output radiation were measured.  
As depicted in Fig. 1, the beam is split after the GaAs to 
perform two separate spectral measurements. The first, a 
single-shot diagnostic, employed a 5 nm resolution 
spectrometer in combination with an IR pyroelectric 
camera to monitor the first two side-bands on the red side 
of the pump. A typical spectrum of the beat-wave signal, 
modified after propagating through the GaAs crystal, is 
shown in the insert of Fig. 1. Energy measurements using 
the pyroelectric camera allowed for a calibration of the 
side-band yield on an absolute scale. These measurements 
were applied for normalization of the data obtained by a 
second spectral diagnostic, a scanning monochromator in 

combination with a cryogenically cooled HgCdTe detector.  
The monochromator, limited in resolution to 20 nm, was 
used to measure the extent of the spectral broadening.  
 Time domain measurements were realized by using a 
picosecond streak camera.  For streaking, the CO2 laser 
pulse was upconverted to the visible range. This 
frequency upconversion was accomplished by co-
propagating the intense mid-IR beam with a visible diode 
laser beam through a CS2 Kerr cell. When placed between 
two crossed polarizers, this interaction transcribes the 
temporal structure from the mid-IR pump to the visible 
probe [15].    
 We have simulated the propagation of mid-IR beat-
waves in GaAs by solving the 1-D Generalized Nonlinear 
Schrödinger equation (GNLSE) [16]. Spatial effects, 
possible free carrier generation at a laser intensity ≥ 109 
W/cm2, and quadratic nonlinearities, all of which can 
occur in GaAs, were not included in the model.  Due to 
significant limitations of this model in the case of GaAs, 
we have used n2 as a fitting parameter. It should be noted 
that there is a range, (0.4 – 1.7)x10-4 cm2GW-1, of n2 values 
reported in the literature for GaAs [17, 18]. Simulations 
were performed using the dispersion relation measured 
by Skauli, et. al. [19]. We modeled the Raman response of 
GaAs as an exponentially decaying sinusoid with a 
frequency of 8.55 THz and a bandwidth of 1 THz, values 
consistent with Raman fluorescence measurements [20].  
 In the experiment, we observed a significantly 
broadened spectrum after the laser beat-wave passes 
through GaAs.  The broadened spectrum consisted of a 
family of discrete sidebands separated by the beat 
frequency of 106 GHz.  The results are shown in Fig. 2 for 
GaAs lengths of 67, 134 and 268 mm (Fig. 2a, 2b, and 2c 
respectively). The vertical lines on Fig. 2 correspond to the 
maximum amplitude of the side-bands as measured with 
the monochromator. Here we have measured the 
amplitude of the side-bands until the signal-to-noise ratio 
reached 2.  In Fig. 2 we have also plotted a simulated 
spectrum obtained by solving the GNLSE for the same 
interaction lengths (Fig. 2d, 2e, and 2f). As can be seen in 
Fig. 2c, the spectrum attains a maximum width of ~ 1.76 
THz after propagating through 134 mm of GaAs. In the 
experiment, we observe a striking saturation of the 
spectral broadening as increasing the interaction length to 
268 mm (see Fig. 2e) did not produce additional 
broadening. 
 Figure 3 depicts the temporal structure of the beat-
wave after propagating in 67, 134 and 268 mm of GaAs 
(corresponding to the spectra measured in Fig. 2a, 2b and 
2c, respectively). These temporal measurements show an 
approximately 9 ps modulation of the laser due to the 106 
GHz beat-frequency for all lengths. To analyze the change 
in the individual pulses, we measured the average and 
standard deviation of the FWHM pulse length, obtained 
by fitting 5 – 10 pulses from the same train with a sech2 
pulse shape. It should be noted that these pulses, having 
duration close to the resolution limit of this diagnostic, 
must be corrected for the rotational response time of CS2 
and the instrumental function of the streak camera.  The 
presented pulse lengths were therefore deconvoluted by τ2  
=  τmeas2  –  τr2  –  τins2  where τmeas is the measured pulse 
length, τr ~ 1 ps  is the  rotational response time of CS2 and 



• Describe high harmonic generation as a beat wave process with beat wave spectra

• Novel analysis using CP waves, signed frequencies and Ψ=Ex + i*Ey 

• Use CP laser beams and structured targets to generate spectra “to order”

• Generate bespoke frequency combs by taking a 1-D subset from a 2-D spectrum

• Describe the HHG spectrum via symmetries of the beam-target configuration

• Relate to spectral theorems by Noether, Laue, Mathieu, Floquet and Bloch

Summary

R. Trines et al., Nature Communications 15, 6878 (2024).
R. Trines et al., Phys. Rev. Research 8, 013241 (2026).
R. Trines et al., arXiv:2507.08635 (2025).



•Start with two spectral lines with separation Δλ or Δω

•Let those “beat” in a (resonant) nonlinear medium

•Perturbation in medium with frequency Δω: plasma 

wave to accelerate electrons

•Spectrum shows ”side bands”: extra lines also 

separated by Δω

•Similar: OAM side bands in Raman amplification

•All harmonic spectra as beat waves !?

Beat wave to drive plasma waves

producing 3 - 200 ps long, transform limited, 10 µm laser 

pulses operating at a pulse repetition frequency of 1 Hz. A 

pair of 10P(20) and 10P(16) CO2 laser lines, amplified 

synchronously in the same cavity, were chosen for this 

study providing a wavelength difference of Δλ = 10590 nm 

– 10550 nm = 40 nm or a frequency difference of Δν = 106 

GHz. In this experiment we have used 150 MW, 200 ps 

long CO2 laser envelope (see Fig. 1) modulated at the 106 

GHz beat-frequency with output evenly distributed 

between the 10P(20) and 10P(16) lines.  In experiment the 

laser fluence was below the 1-1.5 J/cm2 damage threshold 

of the AR coatings of the GaAs samples, which provided 

nearly 100% transmission.  

 
Fig. 1: (a) A dual-wavelength laser pulse produces a comb of 

sidebands separated by the beat frequency after passing through 

a nonlinear medium. (b) Schematic of the experimental set-up for 

the compression of a CO2 laser beat-wave in GaAs.  The left 

insert is a typical spectrum which shows the first two sidebands 

on the red side after the pulse propagates through the GaAs 

crystal. The right inserts show the  measured spatial beam 

profile (top) and the temporal envelope of the beat-wave (bottom). 

  
 The laser beam, focused to a peak intensity of 0.75 
GW/cm2, was sent through a single-pass of one or two 67 
mm long, semi-insulating, Cr-doped GaAs crystals or in a 
double pass configuration providing interaction lengths of 
67, 134 or 268 mm, respectively.  
  After the GaAs crystal, the spectrum and temporal 
pulse structure of the output radiation were measured.  
As depicted in Fig. 1, the beam is split after the GaAs to 
perform two separate spectral measurements. The first, a 
single-shot diagnostic, employed a 5 nm resolution 
spectrometer in combination with an IR pyroelectric 
camera to monitor the first two side-bands on the red side 
of the pump. A typical spectrum of the beat-wave signal, 
modified after propagating through the GaAs crystal, is 
shown in the insert of Fig. 1. Energy measurements using 
the pyroelectric camera allowed for a calibration of the 
side-band yield on an absolute scale. These measurements 
were applied for normalization of the data obtained by a 
second spectral diagnostic, a scanning monochromator in 

combination with a cryogenically cooled HgCdTe detector.  
The monochromator, limited in resolution to 20 nm, was 
used to measure the extent of the spectral broadening.  
 Time domain measurements were realized by using a 
picosecond streak camera.  For streaking, the CO2 laser 
pulse was upconverted to the visible range. This 
frequency upconversion was accomplished by co-
propagating the intense mid-IR beam with a visible diode 
laser beam through a CS2 Kerr cell. When placed between 
two crossed polarizers, this interaction transcribes the 
temporal structure from the mid-IR pump to the visible 
probe [15].    
 We have simulated the propagation of mid-IR beat-
waves in GaAs by solving the 1-D Generalized Nonlinear 
Schrödinger equation (GNLSE) [16]. Spatial effects, 
possible free carrier generation at a laser intensity ≥ 109 
W/cm2, and quadratic nonlinearities, all of which can 
occur in GaAs, were not included in the model.  Due to 
significant limitations of this model in the case of GaAs, 
we have used n2 as a fitting parameter. It should be noted 
that there is a range, (0.4 – 1.7)x10-4 cm2GW-1, of n2 values 
reported in the literature for GaAs [17, 18]. Simulations 
were performed using the dispersion relation measured 
by Skauli, et. al. [19]. We modeled the Raman response of 
GaAs as an exponentially decaying sinusoid with a 
frequency of 8.55 THz and a bandwidth of 1 THz, values 
consistent with Raman fluorescence measurements [20].  
 In the experiment, we observed a significantly 
broadened spectrum after the laser beat-wave passes 
through GaAs.  The broadened spectrum consisted of a 
family of discrete sidebands separated by the beat 
frequency of 106 GHz.  The results are shown in Fig. 2 for 
GaAs lengths of 67, 134 and 268 mm (Fig. 2a, 2b, and 2c 
respectively). The vertical lines on Fig. 2 correspond to the 
maximum amplitude of the side-bands as measured with 
the monochromator. Here we have measured the 
amplitude of the side-bands until the signal-to-noise ratio 
reached 2.  In Fig. 2 we have also plotted a simulated 
spectrum obtained by solving the GNLSE for the same 
interaction lengths (Fig. 2d, 2e, and 2f). As can be seen in 
Fig. 2c, the spectrum attains a maximum width of ~ 1.76 
THz after propagating through 134 mm of GaAs. In the 
experiment, we observe a striking saturation of the 
spectral broadening as increasing the interaction length to 
268 mm (see Fig. 2e) did not produce additional 
broadening. 
 Figure 3 depicts the temporal structure of the beat-
wave after propagating in 67, 134 and 268 mm of GaAs 
(corresponding to the spectra measured in Fig. 2a, 2b and 
2c, respectively). These temporal measurements show an 
approximately 9 ps modulation of the laser due to the 106 
GHz beat-frequency for all lengths. To analyze the change 
in the individual pulses, we measured the average and 
standard deviation of the FWHM pulse length, obtained 
by fitting 5 – 10 pulses from the same train with a sech2 
pulse shape. It should be noted that these pulses, having 
duration close to the resolution limit of this diagnostic, 
must be corrected for the rotational response time of CS2 
and the instrumental function of the streak camera.  The 
presented pulse lengths were therefore deconvoluted by τ2  
=  τmeas2  –  τr2  –  τins2  where τmeas is the measured pulse 
length, τr ~ 1 ps  is the  rotational response time of CS2 and 

τins ~ 1.5 ps is the instrumental function of the streak 
camera. These measurements, shown in Fig. 3, indicate 
that the pulse compresses from τ = 5.7 to 2.3 ps in 268 
mm of GaAs. The temporal profile after 67 mm of GaAs 
(see Fig. 3a) was indistinguishable to the temporal profile 
without GaAs.  As with the spectral data, we have shown 
simulated temporal pulse profiles for the same lengths of 
GaAs (Fig. 3d, 3e and 3f) for comparison.  

!
Fig. 2: Experimentally measured (a), (b), (c) and the simulated 

spectra (d), (e), and (f) after the passage of a 0.75 GW/cm2 dual-

wavelength, 200 ps laser pulse through different lengths of GaAs. 

The initial pump wavelengths are shown in red. 

 

 The simulation results presented in Fig. 2 and 3 
qualitatively match the experimentally measured 
spectrum and temporal pulse profile for the 67 and 134 
mm long interaction lengths (Fig. 2a – 2b and Fig 3a – 
3b).  Note that the discrepancy between the simulated 
and experimental side-band yield indicates limitations of 
the model. The 1-D GNLSE predicts reasonably well the 
total extent of the side-band production along with pulse 
compression in the time-domain using n2eff  =1.7x10-4 
cm2GW-1. Comparison between simulation and 
experiment for the 268 mm long interaction length, 
however, indicate a qualitative discrepancy between the 
simulation and experiment. Specifically, experimental 
observations indicate that the total extent of the spectral 
broadening saturates after ~ 134 mm of GaAs, while in 
simulation the spectrum continues to broaden. Consistent 
with the simulated spectrum, the simulated temporal 
pulse lengths qualitatively match the measured pulse 
lengths for the 67 and 134 mm case but the GNLSE 
predicts much shorter pulses after 268 mm than what is 
measured in experiment. One cause of this discrepancy 
for the 268 mm case is self-focusing in the nonlinear 
medium, an effect that was not included in the model. 
 For our experimental conditions the ratio of the laser 
power to the critical power for self-focusing is 
approximately P/Pc = 500. This, combined with our beam 
radius, results in a calculated self-focusing focal length 
[21] of ~ 150 mm, less than the total interaction length 
used in the experiment.  We have analyzed the spatial 
beam profile after 67 and 134 mm of GaAs by using 
magnified images of the laser beam with a spatial 
resolution of 20 µm.  No measurable signs of nonlinear 

self-focusing or beam distortion were observed.  However, 
measurements of the beam after propagating over 268 
mm in GaAs were hindered due to the double-pass 
configuration. Moreover, tighter focusing of a single-line 
(10.6 µm) beam - reducing the radius by a factor of two - 
resulted in an observation of the onset of nonlinear self-
focusing for the 134 mm long interaction. Thus for the 
case of the 268 mm long interaction, a possible laser 
beam-breakup due to filamentation coupled with a meter-
scale distance from the GaAs crystal to our spectral 
diagnostics could manifest in a poor collection efficiency 
for the most broad-band components of the laser beat-
wave.  
! !

 
Fig. 3: Temporal pulse structure measured after (a) 67 mm, (b) 

134 mm and (c) 268 mm of GaAs.  Simulated temporal pulse 

profiles after (d) 67 mm, (e) 134mm and (f) 268 mm of GaAs. 

  
 In order to compress transform-limited pulses it is 
imperative to balance the effects of nonlinearity and GVD 
[12]. To achieve a better balance between these two 
phenomena we replaced the last 134 mm of GaAs with 
234 mm of NaCl, a material with a similar GVD as GaAs 
(β2 = -1645 fs2/mm) but with a nonlinear index three 
orders of magnitude smaller.  Figure 4 depicts the 
measured and simulated temporal pulse profile after the 
GaAs and NaCl combination.  Due to the extra length of 
NaCl we produced ~1.6 ps pulses, slightly shorter than 
the 2.3 ps pulses produced with GaAs alone. It should be 
noted that the measured pulse length is close to the 
transform-limited pulse length of ~ 1.2 ps.  

 
Fig. 4:  Experimental (a) and simulated (b) temporal pulse 

profiles after the beat-wave propagates through 134 mm of 

GaAs followed by 234 mm of NaCl. 

 

 Quadratic nonlinearities, for which GaAs is known, can 
also be a source of discrepancy between the experimental 

J. J. Pigeon, S. Ya. Tochitsky, 
and C. Joshi, Optics Letters 
40, Issue 24, 5730 (2015)

J. Vieira, R. Trines et al., 
Phys. Rev. Lett. 117, 
265001 (2016).



Need to use special conventions to describe a harmonic 

spectrum as a jumped-up beat wave

• Write all laser fields as superpositions of CP laser modes

     (yes, the opposite of what everyone else does!)

• Spin σ = ±1, frequency ω > 0 always 

• Treat LCP and RCP modes as different harmonics with 

different signs of ω/σ rather than two polarisations of the 

same harmonic

These conventions will make it much easier to calculate and 

visualise the harmonic progression (as a beat wave)

From beat wave to HHG:

conventions used here ω/σ = +ω

ω/σ = -ω

Use quotient ω/σ (or k/σ, ℓ/σ, …) 

Not just ω



Why ω/σ? Example: PRA 98, 011401 (2018)

▪Pump: ω with RCP, 2ω with LCP, Δω=1, Δ(ω/σ)=3

▪ω-spectrum stutters, some frequencies ”suppressed”

▪ω/σ-spectrum is regular, looks like a beat-wave spectrum

ω-spectrum from paper
1, 2, _, 4, 5, _, 7, 8, _, …

ω/σ-spectrum by me
…, -8, -5, -2, +1, +4, +7, …

Lo
g[

I(
ω

/σ
)]

 a
.u

.

ω/σω

Lo
g[

I(
ω

)]
 a

.u
.

RCP LCP

Same data!



Two variables: frequency ω, OAM level ℓ

▪ Two pump modes with 
frequencies ω and 2ω, OAM 
levels +1 and +1, and L- and R-
circular polarization

▪ Δω=1, Δℓ=0, does not match step 
sizes in graph

▪ Need two curves to describe L- 
and R-polarized harmonics 
separately

▪ Relationship between pump 
modes at (1,1) and (2,1) and 
harmonic progression not obvious

⊗ ⊗

ω

ℓ

⊗: Pump modes

Image from PRL 122, 203201 (2019).

E. Pisanty et al., Phys. Rev. Lett. 122, 203201 (2019).
K. Dorney et al., N. Photon 13, 123 (2019).
B. Minneker et al., Phys. Rev. A 104, 053116 (2021).
D. Xie et al., Front. Phys. 10, 962956 (2022).



Now use ω/σ and ℓ/σ instead of ω and ℓ 

⊗

⊗ ω/σ

ℓ/σ

• Rotate the RCP modes by 180 degrees
• Leave the LCP modes in place
• Pump modes at (-2,-1) and (1,1)
• Suddenly all modes on a single line, with 

spacing Δ(ω/σ, ℓ/σ) = (3,2)



HG with funky laser beams

Möbius beam, Luttmann et al., 

Sci. Adv. 9, eadf3486 (2023).

Beam with radial polarisation, 

A. De Las Heras et al., Optica 

11, 1085 (2024).
LP beam with OAM, ℓ=1, ℓq = q*1
Zhang et al., PRL 114, 173901 (2015). 

⊗

⊗

⊗: Pump modes
◉: Harmonics

◉

◉

◉

◉

◉
◉

ω/σ

ℓ/σ

Rotate half the points, then everything 

on the same line with equal spacing!



LP, perp. incidence, pump 

modes at ω/σ=±1, only odd 

harmonics (frequency or OAM)

HG in (ω/σ, ℓ/σ) plots: like a beat wave

⊗ ⊗◉◉ ◉ ◉◉ ◉
ω/σ

ℓ/σ

⊗⊗◉◉ ◉ ◉◉ ◉

ω/σ

ℓ/σ

◉◉ ◉◉ ◉ ◉ ◉

Pump laser

DC mode at (0,0), caused 
by geometry (broken 
symmetry), vanishes for 
perp. incidence

CP, oblique incidence, all 

harmonics thanks to ”DC 

mode” at ω/σ=0

Lichters, Meyer-ter-Vehn and 
Pukhov, Phys. Plasmas 3, 3425 
(1996). 

⊗: Pump modes (all CP)
◉: Harmonics

Pump modes: 
Δ(ω/σ) = 2

Pump modes: 
Δ(ω/σ) = 1

CP without OAM, tight focus 

onto circular dent in target

”Negative” harmonics always 

ignored

⊗
⊗

◉

◉

◉

◉

◉

◉

ω/σ

ℓ/σ

◉

◉

◉

◉

◉

◉

◉

These are all
ignored

These are kept

Pump laser at (1,0)

DC mode at (0,-1) 
due to target 
geometry

Wang et al., Nature Comms. 10, 5554 (2019).
Li et al., New J. Phys. 22, 013054 (2020).
Longqing Yi, Phys. Rev. Lett. 126, 134801 (2021).

Pump modes: 
Δ(ω/σ, ℓ/σ) = (1,1)



Harmonic progressions: 1-D vs 2-D

⊗ ⊗
ω/σ

k⟂/σ

⊗

⊗

Two LP pulses at ω and 2ω

▪Four modes, 2-D grid

▪Many values of k⟂ per frequency ω

▪Spectrum is inversion-symmetric, so all 
modes recombine to LP harmonics

J. B. Bertrand et al., Phys. Rev. Lett. 106, 023001 (2011).

Pump modes

One LP pulse, 1-D progression, 

pump modes at ω/σ=±1, only 

odd harmonics

⊗: Pump modes (all CP)
◉: Harmonics

Pump modes: 
Δ(ω/σ) = 2

⊗ ⊗◉◉ ◉ ◉◉ ◉
ω/σ

k⟂/σ



• Lichters model: intense laser pulse hits flat solid target. Oscillating target 

surface drives harmonics in the reflected light

• Lichters’ model: ”oblique incidence” → vertical incidence on tilted target

• Describe target surface with “height function” h(x,y)

• Lichters’ equation revisited (Ψ = Ex + i*Ey):

• Ψ beats with ∇h, so ∇h provides the “DC mode” with zero ω but nonzero ℓ/σ

• Shape your target to determine ℓ/σ of the ”DC mode”

• Tilted flat target (Lichters et al.): ∇h = tan(α) ex, ℓ/σ = 0 

• Circular dent or aperture (Wang et al., Li et al., Yi): ∇h ∝ er , ℓ/σ = -1

• General “q-plate” (our work): h = r1-q cos[(1-q)𝜑], ℓ/σ = -q

Shape your target: Lichters’ model revisited

Lichters, Meyer-ter-Vehn and Pukhov, Phys. Plasmas 3, 3425 (1996).
R. Trines et al., Nature Comms. 15, 6878 (2024).



Simulation results: aperture targets (q=1, 2, 5)

• Calculate spectrum of 

Ψ(𝜑,t) = Ex + i*Ey 

• Pump laser mode and 

target modes ringed

• Circular target provides 

one mode, 1-D grid

• Other targets provide 

two modes, 2-D grid

• Result: always the 

regular grid generated 

by the ringed modes R. Trines et al., Nature Comms. 15, 6878 (2024).

Simulations and data processing: H. Schmitz, M. King



CP PUMP

CP PUMP

TARGET

TARGET

ℓ/σ

ω/σ

ℓ/σ

ω/σ

ℓ/σ

ω/σ

a

b

c d e

PUMP

+HARMONICS

-HARMONICS

DC MODE

• From earlier 2-D spectrum: select on-axis light to select modes with ℓ/σ=0

• Only selected frequencies have an ℓ/σ=0 mode: frequency comb!

• Shown are combs for circular aperture and apertures with 1-5 fold symmetry

• All 2-D harmonic progressions have the potential of a frequency comb

Frequency comb: 1-D subset from 2-D spectrum



• “Necklace beam”, Rego et al., Sci. Adv. (2022): two LP beams with “nearly 
opposite” OAM, progression in (ω,ℓ) space, symmetric comb on ω=0 axis

• Hickstein, N. Photonics (2015): two LP beams at small angle, progression in (ω,k⟂) 

space, but no mention of combs, and no harmonics on-axis
• Our idea: start from earlier work, but look off-axis for comb in (ω,k⟂) space

2-D progression: symmetric frequency comb

ω/σ

k⟂/σ

⊗ ⊗

⊗ ⊗

Still a comb ⊗
⊗

◉
◉

◉
◉

ω/σ

ℓ/σ

⊗
⊗

L. Rego et al., Sci. Adv. 8, eabj7380 (2022). Two LP beams, separated by a 
small angle, see also Hickstein, 
N. Photonics (2015).

⊗: Pump modes (all CP)
◉: Harmonics
Δ(ω/σ) = 2, Δ(ℓ/σ) = 5

◉
◉

◉
◉

◉◉

◉

◉

◉

◉

◉

◉

◉

◉

◉◉

Oh, no, 
no comb!

Frequency 
comb!

Hickstein: angles for given frequency
Here: frequencies for given angle



• Spectral cuts: ck⟂/[ω*tan(15∘)] = 1, 1/3, 1/5
• Peaks at (2n+1)*1, (2n+1)*3, (2n+1)*5, 

from the same simulation!

• A range of combs can be selected, 

depending on your viewing angle

• Simple, versatile, easily extended

Simulation results: super-

Gaussian pulses N=1

N=3

N=5

N=1

N=3
N=5

10

6

2

R. Trines et al., Phys. Rev. Research 8, 013241 (2026).ω/(ω0σ)ck
∥/

[ω
0
σ

*t
an

(1
5
∘ )

]



HHG vs beat wave vs crystal scattering

ℓ/σ

Our work on HHG: 
NComms 15, 6878 (2024)

Old beat wave result:
PRL 74, 2236 (1995)

Electron scattering off a 
crystal (Wikipedia)

Similar spectra, similar underlying theory!?



Symmetry: an isometric coordinate transformation (translation, rotation, 

mirror, inversion) that leaves a system invariant and maps solutions onto 

solutions

• Much used in crystal theory, to map a crystal onto itself

• There symmetries dictate the wave vector spectrum (Laue equations)

• Much less used in the theory of HHG, but equally relevant

• Pump laser satisfies certain symmetries ⬌ symmetries imposed onto 

nonlinear term A2A ⬌ nonlinear term drives harmonics, imposes the 

same symmetries on them

Symmetries?

R. Trines et al., Nature Communications 15, 6878 (2024).
R. Trines et al., Phys. Rev. Research 8, 013241 (2026).
R. Trines et al., arXiv:2507.08635 (2025).

Symmetry theory for HHG: keep A2 invariant
• Marry the beat-wave approach to symmetry theory and spectral theorems

• Yes, also important for plasma physics (S. Li et al., NJP 22, 013054, 2020)

• Describe the HHG spectrum via symmetries of the beam-target configuration
• Relate to spectral theorems by Mathieu, Noether, Laue, Floquet and Bloch



• Define Hamiltonian H = ∂t
2 – c2∇2 + f(|Ψ|2), equation HΨ = 0

• Write Ψ = Ψ0 + dΨ, Ψ0 = ΨA + ΨB + … (all fundamental modes)

• Fundamental mode: any Ψ that leaves H invariant, e.g. a CP mode that leaves A2 (or E2) 

constant: “does not beat”; for later; Ψ is an eigenfunction for coordinate translations

• Evolution of dΨ : (∂t
2 – c2∇2)dΨ + (ΨA ΨB

* + ΨA ΨC
* + …)Ψ0 = 0

• Symmetry: any isometric transformation of coordinate pace (t,X) that leaves H invariant, i.e. 

transforms solutions into other solutions

• Allowed symmetry: leaves ΨA ΨB
* , ΨA ΨC

* , … (original beat wave) invariant

• Allowed harmonics (side bands): ΨA
* dΨ , ΨB

* dΨ , … invariant for every allowed symmetry 

(multiply equation for dΨ with ΨA
* , ΨB

* , … )

• Even symmetry (det=1, translation, rotation, …) determines position of harmonic peaks

• Odd symmetry (det=-1, mirror symmetry, time inversion, …) determines relations between 

amplitudes and phases of harmonic peaks, e.g. a+ = a- 

Symmetries in our HHG model



Noether vs Laue: two sides of the same coin
Light ray reflecting off a grating. One direction is Noether, the other is Laue.

Friedrich W, Knipping P, Laue M, "Interferenz-Erscheinungen bei Röntgenstrahlen”, Sitzungsberichte der Mathematisch-
Physikalischen Klasse der Königlich-Bayerischen Akademie der Wissenschaften zu München, 1912: 303 (1912).
Noether, E., "Invariante Variationsprobleme". Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen. 
Mathematisch-Physikalische Klasse (1918): 235-257.



Symmetries vs harmonic progressions

• One fundamental mode: all (even) 
symmetries are continuous

• Noether’s theorem: up to 4 
Noether-conserved quantities

• Fundamental mode at intersection 
of these quantities

• No HHG progression

• Two fundamental modes: one 
discrete (broken) symmetry

• One (weakened) Noether quantity 
assumes a set of equidistant values

• Compare to Laue equations
• Harmonic modes at intersections
• 1-D HHG progression

• Three fundamental modes: two 
discrete (broken) symmetries

• Two Noether quantities each 
assume a set of equidistant values

• Harmonic modes at intersections of 
the Noether quantities (Laue again)

• 2-D HHG progression

This hierarchy of symmetries only becomes visible because we use “fundamental 

modes” with constant A2 and ω/σ, k/σ etc., which most authors do not do



Connection with Bloch and Floquet theorems

É. Mathieu, Journal de Mathématiques Pures et Appliquées 13, 137-203 (1868).

Felix Bloch, Zeitschrift für Physik 52 (7–8): 555-600 (1928).

Gaston Floquet, Annales Scientifiques de l’Ecole Normale Supérieure 12, 47-88 (1883).

Our work Mathieu Floquet Bloch

Starting point 

(translation e.f.)

ΨA,B = exp(i*KA,B∙X) exp(±i*x√a) exp(t*B), B a 

square matrix

Plane wave 

exp(i*k∙x)

These terms 

determines the 

allowed  symmetries

ΨA ΨB
* , ΨA ΨC

* ; 

these are periodic

2q*cos(2x) Matrix A with A(t+T) 

= A(t)

Periodic (lattice) 

potential V(x)

This rule sets the 

harmonics Ψn wrt 

starting point

ΨA
* Ψn, ΨB

* Ψn 

invariant under 

symmetries

Ψn exp(∓i*x√a) 

invariant under 

symmetries

Ψ(t)*exp(-t*B) = 

P(t), P(t+T) = P(t)

Ψ(t)*exp(-i*k∙x) 

periodic like V(x)

Variations on a theme!



• Δω = 0: diffraction

• 0 < Δω < ω0: scattering (e.g. Raman, 

Brillouin)

• Δω > ω0: harmonic generation

• But how different are these processes 

really?

• Diffraction: stationary grating

• Scattering: slowly moving grating

• Harmonic generation: grating moves at c 

and spacing less than λ0 

• The same idea every time…

A final thought…
ω/σ

k/σ



We developed a novel way to describe, study and diagnose harmonics

• Decompose all EM waves into fundamental CP modes; DC modes to describe targets

• All (ω/σ, k/σ) spectra look like regular grids; explains many existing results

• We can generate spectra to order using structured targets

Frequency combs

• Every 2-D progression has the potential for a frequency comb

• Use two LP pulses with different OAM levels or transverse angles, or one pulse with a 

corrugated target, to create a 2-D progression

Symmetry theory

• Harmonic spectra can also be described via symmetry theory.

Symmetries of Ψ0
2 must be studied. Direct links to Noether’s Theorem (continuous 

symmetry) and the Laue equations (discrete symmetry)

• Further connections to Mathieu, Floquet and Bloch theory

• Future: HHG in chiral media

Conclusions
We have developed a novel way to describe, study and diagnose harmonics

• Decompose all EM waves into fundamental CP modes; DC modes to describe targets

• All (ω/σ, k/σ) spectra look like regular grids; explains many existing results

• We can generate spectra to order using structured targets

Frequency combs

• Every 2-D progression has the potential for a frequency comb

• Use two LP pulses with different OAM levels or transverse angles, or one pulse with a 

corrugated target, to create a 2-D progression

Symmetry theory

• Harmonic spectra can also be described via symmetry theory, symmetries of Ψ0
2 

• Direct links to Noether’s Theorem (cont. symm.) and the Laue equations (discrete symm.)

• Further connections to Mathieu, Floquet and Bloch theory

Beyond plasma physics: HHG in chiral media

• See R. Trines et al., arXiv:2604.08354 (2026).
R. Trines et al., Nature Comms. 15, 6878 (2024).
R. Trines et al., Phys. Rev. Research 8, 013241 (2026).
R. Trines et al., arXiv:2507.08635 (2025).
R. Trines et al., arXiv:2604.08354 (2026).



• We have expanded our beat-wave approach to “asymmetrical” HHG in asymmetrical 

(chiral) molecules (molecule has left- and right-handed versions)

• Not enough time now, but just to whet your appetite

• Interaction of laser light with the ”transverse spin” of a focused beam leads to a (bonus) 

chiral DC mode, which changes sign when you change the handedness of your molecule

• This DC mode, together with the (achiral) laser modes, generates a harmonic 

“chessboard” spectrum where half the modes are chiral and half achiral

• Thus, if you change the handedness of your molecule, half your harmonics will change 

sign and half will not. This can be analysed in many ways

In our paper, we derive:

• The chiral DC mode for suitable types of structured light

• Rules that distinguish between various types of chirality (mostly global vs local)

• Rules to switch from one type of chirality to another

Bonus: HHG in chiral media

R. Trines et al., arXiv:2604.08354 (2026).



Thank you
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