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What is dark matter ?

There is overwhelming evidence for the existence of dark 
matter at different scales
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What is dark matter

There is overwhelming evidence for the existence of dark 
matter at different scales

We have currently no strong argument to prefer a specific 
fundamental model to describe dark matter

What can we say? How universal are our detection 
strategies? Are we missing something?
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What is the DM scale?
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If Dark Matter is a thermal relic, it’s mass is 
constrained from perturbativity and demanding 
non-relativistic dark matter today
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What is the DM scale?

v MPl

What do we know about the scale of DM? 
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What is the DM scale?

v MPl

Dark bosons can be arbitrary light, but for a mass of  

the de Broglie wavelength is larger than a few hundred 
kpc and galaxy-size structures don’t form.   

m� . 10�25 eV

7

For Fermions, the Pauli exclusion principle 
provides a lower limit m� & 200 eV



For bosons there is no such lower limit.

What is the DM scale?

v MPl

There is however a scale that is particularly motivated:

m� ⇡ 10�22 eV ) �dB =
hc

10�3m�
⇡ 1 kpc
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Quantum pressure

Gravity

Self-interactions
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Figure 5: Lensing convergence power spectra of an m ⇠
10�22 eV FDM model and a CDM model. The error bars shown
are from the diagonal terms of the simulation-based TT lens-
ing noise covariance matrix described in the appendix. Here
the black solid and silver dashed error bars correspond to 0.1 µK-
arcmin and 0.5 µK-arcmin CMB noise in temperature, respec-
tively. For both sets of error bars, a 10% observed sky fraction is
assumed and 18” resolution. Note that the 0.5 µK-arcmin error
bars are shifted to the right for clarity.

forecasts that follow, we assume only temperature maps
are used in the lensing reconstruction since including the
other estimators only marginally improves the results.

We calculate the SNR with which we could distinguish
between CDM and an alternative model for the lensing
power spectrum, such as FDM, as

S

N
=
s

Â
L,L0

(XL � YL)C�1
LL0(XL0 � YL0) (17)

where XL = C
kk,FDM
L

, YL = C
kk,CDM
L

, and C�1
LL0 is an ele-

ment of the inverted covariance matrix corresponding to
row L and column L

0. For the N
kk
L

from the quadratic es-
timator described in [97], on large lensing scales L tradi-
tionally measured, treating each L-mode as independent
is a good approximation [107]. However, each L-mode
is not independent on the small scales considered here.
This is because the primordial background CMB gradi-
ent enters as a source of sample variance noise. It may be
possible for maximum likelihood estimators under de-
velopment to utilize knowledge of the background CMB
gradient, and remove it as a source of noise in the esti-
mator [102–104]. However, in this work, we adopt the
quadratic estimator in [97] and construct the full noise
covariance matrix, including o�-diagonal terms, using
simulations. We describe the simulations and the con-
struction of the covariance matrix in detail in the ap-
pendix.

Sky fraction Noise Signal-to-noise ratio
(fsky) (µK-arcmin) 18”

Resolution
9.5 ”

Resolution
0.1 0.5 3.9 5.2

0.025 0.1 10.1 15.9
0.1 0.1 20.2 31.9

Table I: Significance with which an m ⇠ 10�22 eV FDM model
can be distinguished from a CDM model, based on observa-
tions of high-resolution CMB lensing. Here we vary observed
sky fraction, noise levels in temperature, and resolution. The
lensing noise power assumes only the TT estimator is used,
however, the gain from including other estimators is minimal.
For these signal-to-noise ratios, we use the full simulation-
based lensing noise covariance matrix detailed in the appendix.

In Figure 5, we show as error bars on C
kk
L

the diago-
nal terms of the simulation-based noise covariance ma-
trix for TT. Here, we assume a survey of 10% of the
sky (4,000 square degrees), at 18” resolution, with 0.5µK-
arcmin (grey), and 0.1µK-arcmin (black) white noise lev-
els. Table I shows the SNRs for these two cases, as well
as for a survey covering less than 3% of the sky (1,000
square degrees). We limit the CMB-` range from 100 to
45,000 since the inclusion of more modes does not make
any significant impact on the SNRs. From this we see
that a survey covering 4,000 square degrees of sky at a
noise level of 0.5µK-arcmin can already detect the dif-
ference between 10�22 eV FDM and CDM with almost
4s significance. For deeper noise levels of 0.1µK-arcmin,
SNRs over 20 can be achieved. With finer resolution,
such as 9.5” to match the LMT, SNRs above 30 are possi-
ble.

To see which lensing L-modes and CMB `-modes
contribute most to the SNR, we show in Figure 6, for
lensing L-modes (solid) or CMB `-modes (dashed), the
SNR as a function of minimum and maximum modes
included in the calculation. Here the maximum `-mode
refers to the maximum multipole used in the CMB
map that was filtered to isolate the small-scale CMB
fluctuations, as discussed above. In this Figure and
in Figure 7, we use the N

kk
L

from Eq. 16 and assume
no o�-diagonal terms in the covariance matrix, to
gain qualitative insight. Using a full simulation-based
covariance matrix gives a similar result, but is more
computationally expensive when exploring many `-
mode ranges. In Figure 6, the lower bounds are fixed
to `/L = 100, when the upper bounds are varied, and
the upper bounds are fixed to `/L = 45, 000 when
the lower bounds are varied. This is shown for the
fiducial case of 0.1µK-arcmin noise and 18” resolution.
The SNR stops increasing at around `/L = 30, 000,
consistent with the rise in the noise curves shown in
Figure 4. The SNR only starts increasing significantly
when `/L = 10, 000, which is the multipole where the
10�22 eV FDM C

kk
L

makes a notable deviation from that
of CDM, as seen in Figure 5. To further identify which
`-modes contribute to the SNR, we divide the `-range

Ultralight Dark Matter

For bosons there is no such lower limit. There is however a 
scale that is particularly motivated:

9

m� ⇡ 10�22 eV )

�dB =
hc

10�3m�
⇡ 1 kpc

The size of the core is set by 
the balance between quantum 
pressure and gravity
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Figure 5: Lensing convergence power spectra of an m ⇠
10�22 eV FDM model and a CDM model. The error bars shown
are from the diagonal terms of the simulation-based TT lens-
ing noise covariance matrix described in the appendix. Here
the black solid and silver dashed error bars correspond to 0.1 µK-
arcmin and 0.5 µK-arcmin CMB noise in temperature, respec-
tively. For both sets of error bars, a 10% observed sky fraction is
assumed and 18” resolution. Note that the 0.5 µK-arcmin error
bars are shifted to the right for clarity.

forecasts that follow, we assume only temperature maps
are used in the lensing reconstruction since including the
other estimators only marginally improves the results.

We calculate the SNR with which we could distinguish
between CDM and an alternative model for the lensing
power spectrum, such as FDM, as

S

N
=
s

Â
L,L0

(XL � YL)C�1
LL0(XL0 � YL0) (17)

where XL = C
kk,FDM
L

, YL = C
kk,CDM
L

, and C�1
LL0 is an ele-

ment of the inverted covariance matrix corresponding to
row L and column L

0. For the N
kk
L

from the quadratic es-
timator described in [97], on large lensing scales L tradi-
tionally measured, treating each L-mode as independent
is a good approximation [107]. However, each L-mode
is not independent on the small scales considered here.
This is because the primordial background CMB gradi-
ent enters as a source of sample variance noise. It may be
possible for maximum likelihood estimators under de-
velopment to utilize knowledge of the background CMB
gradient, and remove it as a source of noise in the esti-
mator [102–104]. However, in this work, we adopt the
quadratic estimator in [97] and construct the full noise
covariance matrix, including o�-diagonal terms, using
simulations. We describe the simulations and the con-
struction of the covariance matrix in detail in the ap-
pendix.

Sky fraction Noise Signal-to-noise ratio
(fsky) (µK-arcmin) 18”

Resolution
9.5 ”

Resolution
0.1 0.5 3.9 5.2

0.025 0.1 10.1 15.9
0.1 0.1 20.2 31.9

Table I: Significance with which an m ⇠ 10�22 eV FDM model
can be distinguished from a CDM model, based on observa-
tions of high-resolution CMB lensing. Here we vary observed
sky fraction, noise levels in temperature, and resolution. The
lensing noise power assumes only the TT estimator is used,
however, the gain from including other estimators is minimal.
For these signal-to-noise ratios, we use the full simulation-
based lensing noise covariance matrix detailed in the appendix.

In Figure 5, we show as error bars on C
kk
L

the diago-
nal terms of the simulation-based noise covariance ma-
trix for TT. Here, we assume a survey of 10% of the
sky (4,000 square degrees), at 18” resolution, with 0.5µK-
arcmin (grey), and 0.1µK-arcmin (black) white noise lev-
els. Table I shows the SNRs for these two cases, as well
as for a survey covering less than 3% of the sky (1,000
square degrees). We limit the CMB-` range from 100 to
45,000 since the inclusion of more modes does not make
any significant impact on the SNRs. From this we see
that a survey covering 4,000 square degrees of sky at a
noise level of 0.5µK-arcmin can already detect the dif-
ference between 10�22 eV FDM and CDM with almost
4s significance. For deeper noise levels of 0.1µK-arcmin,
SNRs over 20 can be achieved. With finer resolution,
such as 9.5” to match the LMT, SNRs above 30 are possi-
ble.

To see which lensing L-modes and CMB `-modes
contribute most to the SNR, we show in Figure 6, for
lensing L-modes (solid) or CMB `-modes (dashed), the
SNR as a function of minimum and maximum modes
included in the calculation. Here the maximum `-mode
refers to the maximum multipole used in the CMB
map that was filtered to isolate the small-scale CMB
fluctuations, as discussed above. In this Figure and
in Figure 7, we use the N

kk
L

from Eq. 16 and assume
no o�-diagonal terms in the covariance matrix, to
gain qualitative insight. Using a full simulation-based
covariance matrix gives a similar result, but is more
computationally expensive when exploring many `-
mode ranges. In Figure 6, the lower bounds are fixed
to `/L = 100, when the upper bounds are varied, and
the upper bounds are fixed to `/L = 45, 000 when
the lower bounds are varied. This is shown for the
fiducial case of 0.1µK-arcmin noise and 18” resolution.
The SNR stops increasing at around `/L = 30, 000,
consistent with the rise in the noise curves shown in
Figure 4. The SNR only starts increasing significantly
when `/L = 10, 000, which is the multipole where the
10�22 eV FDM C

kk
L

makes a notable deviation from that
of CDM, as seen in Figure 5. To further identify which
`-modes contribute to the SNR, we divide the `-range

Ultralight Dark Matter

[1710.03747]

Fit the small scale power 
spectrum:

10May et al. 2021
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Missing satellite problem

Ultralight Dark Matter

Core cusp problem

[1707.04256]
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Figure 5: Lensing convergence power spectra of an m ⇠
10�22 eV FDM model and a CDM model. The error bars shown
are from the diagonal terms of the simulation-based TT lens-
ing noise covariance matrix described in the appendix. Here
the black solid and silver dashed error bars correspond to 0.1 µK-
arcmin and 0.5 µK-arcmin CMB noise in temperature, respec-
tively. For both sets of error bars, a 10% observed sky fraction is
assumed and 18” resolution. Note that the 0.5 µK-arcmin error
bars are shifted to the right for clarity.

forecasts that follow, we assume only temperature maps
are used in the lensing reconstruction since including the
other estimators only marginally improves the results.

We calculate the SNR with which we could distinguish
between CDM and an alternative model for the lensing
power spectrum, such as FDM, as

S

N
=
s

Â
L,L0

(XL � YL)C�1
LL0(XL0 � YL0) (17)

where XL = C
kk,FDM
L

, YL = C
kk,CDM
L

, and C�1
LL0 is an ele-

ment of the inverted covariance matrix corresponding to
row L and column L

0. For the N
kk
L

from the quadratic es-
timator described in [97], on large lensing scales L tradi-
tionally measured, treating each L-mode as independent
is a good approximation [107]. However, each L-mode
is not independent on the small scales considered here.
This is because the primordial background CMB gradi-
ent enters as a source of sample variance noise. It may be
possible for maximum likelihood estimators under de-
velopment to utilize knowledge of the background CMB
gradient, and remove it as a source of noise in the esti-
mator [102–104]. However, in this work, we adopt the
quadratic estimator in [97] and construct the full noise
covariance matrix, including o�-diagonal terms, using
simulations. We describe the simulations and the con-
struction of the covariance matrix in detail in the ap-
pendix.

Sky fraction Noise Signal-to-noise ratio
(fsky) (µK-arcmin) 18”

Resolution
9.5 ”

Resolution
0.1 0.5 3.9 5.2

0.025 0.1 10.1 15.9
0.1 0.1 20.2 31.9

Table I: Significance with which an m ⇠ 10�22 eV FDM model
can be distinguished from a CDM model, based on observa-
tions of high-resolution CMB lensing. Here we vary observed
sky fraction, noise levels in temperature, and resolution. The
lensing noise power assumes only the TT estimator is used,
however, the gain from including other estimators is minimal.
For these signal-to-noise ratios, we use the full simulation-
based lensing noise covariance matrix detailed in the appendix.

In Figure 5, we show as error bars on C
kk
L

the diago-
nal terms of the simulation-based noise covariance ma-
trix for TT. Here, we assume a survey of 10% of the
sky (4,000 square degrees), at 18” resolution, with 0.5µK-
arcmin (grey), and 0.1µK-arcmin (black) white noise lev-
els. Table I shows the SNRs for these two cases, as well
as for a survey covering less than 3% of the sky (1,000
square degrees). We limit the CMB-` range from 100 to
45,000 since the inclusion of more modes does not make
any significant impact on the SNRs. From this we see
that a survey covering 4,000 square degrees of sky at a
noise level of 0.5µK-arcmin can already detect the dif-
ference between 10�22 eV FDM and CDM with almost
4s significance. For deeper noise levels of 0.1µK-arcmin,
SNRs over 20 can be achieved. With finer resolution,
such as 9.5” to match the LMT, SNRs above 30 are possi-
ble.

To see which lensing L-modes and CMB `-modes
contribute most to the SNR, we show in Figure 6, for
lensing L-modes (solid) or CMB `-modes (dashed), the
SNR as a function of minimum and maximum modes
included in the calculation. Here the maximum `-mode
refers to the maximum multipole used in the CMB
map that was filtered to isolate the small-scale CMB
fluctuations, as discussed above. In this Figure and
in Figure 7, we use the N

kk
L

from Eq. 16 and assume
no o�-diagonal terms in the covariance matrix, to
gain qualitative insight. Using a full simulation-based
covariance matrix gives a similar result, but is more
computationally expensive when exploring many `-
mode ranges. In Figure 6, the lower bounds are fixed
to `/L = 100, when the upper bounds are varied, and
the upper bounds are fixed to `/L = 45, 000 when
the lower bounds are varied. This is shown for the
fiducial case of 0.1µK-arcmin noise and 18” resolution.
The SNR stops increasing at around `/L = 30, 000,
consistent with the rise in the noise curves shown in
Figure 4. The SNR only starts increasing significantly
when `/L = 10, 000, which is the multipole where the
10�22 eV FDM C

kk
L

makes a notable deviation from that
of CDM, as seen in Figure 5. To further identify which
`-modes contribute to the SNR, we divide the `-range

Ultralight Dark Matter

For m < 30 eV, dark matter is described as a classical 
wave

The de Broglie wavelength is large, but the occupation 
number is high.

1212



For very light scalar fields, the occupation number is 
very high and the field can be treated classically.

Ultralight Dark Matter

Dark Matter relic density from misalignment: 

early universe: Hubble friction late universe: oscillations
13

H(t) > ma H(t) < ma

ä+ 3H(t)ȧ+m
2
aa = 0

Solution a(t) = const. harm. oscillator: a(t) = a0 cos(mat)



Cosmological implications
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Mass is fixed by halo size 

⇢a =
1

2
m2

aa
2
0

!
= ⇢DM = 0.3

GeV

cm3

The angular frequency is determined 
by the rest mass.

�!

!
⇠ mav2/2

ma
⇠ 10�6

⌧c =
2⇡

�!
=

2⇡

mav2
⇡ 1s

✓
MHz

ma

◆

Amplitude is fixed by the dark 
matter energy density

Small corrections from the kinetic energy

! ⇠ ma

Coherence time is set by the 
frequency spread

v ⇡ 10�3
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Axions or axion-like particles are excellent candidates

for light dark matter

15

ALP phenomenology

� = (f + s)eia/f

They are goldstone bosons: contributions to the axion mass are 
suppressed by the same scale that suppresses interactions 
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At leading order axions interact like pseudoscalars

16

ALP phenomenology

We assume theta = 0 and take running and matching into 
account
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ALP phenomenology

These interactions lead to spin-dependent observables in 
the non-relativistic limit

We assume theta = 0 and take running and matching into 
account

17

At leading order axions interact like pseudoscalars



Forces induced by axion exchange are difficult to discover, 
because they require experiments with  polarised targets

18

ALP phenomenology

However, the exchange of two axions 
leads to spin-independent forces

a

MB,  Rostagni, Phys. Rev. Lett. 132 (2024) 101802, [2307.09516].



ALP phenomenology

10-7 10-6 10-5 10-4 10-3 10-2 10-1 1

10-5

10-4

10-3

10-2

10-1

1

Torsion Balance

CLRamsay scattering

3He comag.

Rb -21Ne comag

Fifth force bounds from 
axion-pair exchange 
can compete with 
single axion exchange 
because of the spin-
independent potential

MB, Chakraborti, Rostagni, [arXiv:2408.06412 [hep-ph]]

19
MB,  Rostagni, Phys. Rev. Lett. 132 (2024) 101802, [2307.09516].



At leading order ALPs/axions interact like pseudoscalars

20

ALP phenomenology

What about higher order terms? At dimension 6



All these couplings are related to the UV coupling structure

21

ALP phenomenology

Requires careful running and matching, e.g.
<latexit sha1_base64="tbudBfiatJ+RSxNBLWvvLg7lQOM="></latexit>
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Resonant cavities

Lighter dark matter needs larger cavities 
22

MB, Chakraborti, Rostagni,``Axion 
Bounds from Quantum Technology,’, 
[arXiv:2408.06412 [hep-ph]]

Probes axion 
interactions with 
photons

ALP phenomenology



Quadratic axion interactions allow to 
extend the parameter space

23

MB, Chakraborti, Rostagni,``Axion 
Bounds from Quantum Technology,’, 
[arXiv:2408.06412 [hep-ph]]

Flambaum et al, 2207.14437

ALP phenomenology



Standard model fields in this background 

Can be described with time-dependent 
masses and coupling constants

24

ALP phenomenology
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Leads to oscillating fundamental constants

potential or particle masses, leading to minute, time-dependent variations in spectral lines 
measured in level transitions. This effect is illustrated in Fig.2.  

Atomic spectroscopy experiments as detectors for Dark Matter is a young, emerging field 
with enormous potential. Various experimental groups around the world exploit the increased 
sensitivity of modern spectroscopic methods due to the application of techniques such as laser 
cooling and optical frequency combs to perform searches for very light dark matter.  In the ultra-4

light mass limit these measurements have the potential to compete with or outperform the indirect, 
astrophysical bounds. A large range of interactions can be probed by experiments with different 
isotopes and transition frequencies. 
Upcoming experiments utilising 
different high-precision techniques, 
ranging from atom interferometry, 
quantum networks and 
magnetometry will complement the 
sensitivity of atomic spectroscopy 
experiments. While the dynamics of 
the dark sector fix the oscillation 
frequency, amplitude and frequency 
spread of the expected signal, the 
coupling strength and coupling 
structure to different SM particles is 
model-dependent. It is therefore crucial to perform series of measurements that can isolate the 
couplings by choosing different elements, isotopes and transition frequencies. In particular if 
multiple couplings are present at the same time, a thorough understanding of the 
underlying theory is necessary to uncover correlations. Spectroscopy experiments typically 
report their results in terms of uncertainties of fundamental constants. Constraints or sensitivity to 
new physics is quoted in terms of Wilson coefficients of arbitrary low-energy effective field theories 
or the corresponding constraints on modifications of the Coulomb potential.  However, at a 
fundamental level the physics of Dark Matter is described in terms of quantum field theories. A 
consistent description based on  relativistic quantum field theories will enable a step 
change in the progress of this field. 

Applicant and Development: 
My previous professional career puts me in an excellent position to successfully perform 
this research. I am a particle physicists with an extensive publication record on models of Dark 
Matter for collider and low-energy experiments.  The focus of my publications in the last two years 5

has been on models of axions and axion-like particles, which would represent precisely the type of 
Dark Matter that could be discovered by atomic spectroscopy experiments.  
My research has had transformative impact for collider experiments. Together with Felix Kahlhoefer 
and Uli Haisch, I introduced consistent simplified models for searches for Dark Matter at the LHC.  6

I have proven leadership in collaborating with experimentalists of both the ATLAS and CMS 
collaborations, which have subsequently adopted our models and our software to simulate signal 
events from Dark Matter produced in proton-proton collisions. During my time in Heidelberg I have 
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Fig 2: Schematic representation of a nucleus and an 
electron in vacuum (left) and in a classical field background 
of a very light Dark Matter field.  
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Clocks and clock-cavity bounds

Unique sensitivity to 
ultra-light states via 
precision 
measurements of 
transition frequencies

25

MB, Chakraborti, Rostagni,``Axion 
Bounds from Quantum Technology,’, 
[arXiv:2408.06412 [hep-ph]]

ALP phenomenology



Ion clocks

Laser interferometers

Atom interferometers
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ALP phenomenology
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Another way to observe dark matter is via absorption

MB, Perez-Soler and Shergold,``Generalised hydrogen interactions with CINCO: a window to new 
physics,''[arXiv:2407.12913 [hep-ph]].

Depending on the quantum numbers of the dark matter 
states these can be forbidden transitions

Software to automate the calculation of the overlap integrals 
and transition rates covering all dark matter candidates is 
now available

30

Dark matter absorption



Light dark matter has very different properties compared to 
WIMPs. Most established searches are blind on this eye.

31

Conclusions 

Axions or axion-like particles are interesting candidates. 
They appear in many UV extensions of the Standard Model

Quadratic interactions are important and lead to the 
dominant constraints at low masses

It’s imperative to fully utilise our experimental capabilities to 
search and hopefully discover light dark matter.



…the bad

Axion dark matter has many desirable properties, but 
quadratic couplings imply non-perturbative effects

Where the effective mass includes a contribution from the 
ALP-matter quadratic terms, so that close to a source (like 
earth)

Banerjee, Perez, Safronova, Savoray, Shalit, JHEP 10 (2023) 042, [2211.05174]
Hees, Minazzoli, Savalle, Stadnik, Wolf,, Phys. Rev. D 98 (2018) 064051, [1807.04512]

With

32



For large field values the function J diverges. 

If the sign of  Z is positive this leads to a suppression 
(screening) of the axion field close to massive bodies. 


However for axions it is strictly negative

…the bad

The axion field value is displaced from its vacuum value due to 
the effective mass from the high density environment, so 
theta=0 isn’t a valid assumption anymore.  

Hook,  Huang, JHEP 06 (2018) 036, [1708.08464]. 33

The axion potential also leads to attractive self-
interactions



What if the ALP, dark photon is stable?

Angular distribution can distinguish t-
channel from s-channel

MB, Erner,  Phys.Rev.D 108 (2023) 11 34

DM spin measurement



Backgrounds for e+e- -> X + ɣ at Belle II

MB, Erner,  Phys.Rev.D 108 (2023) 11 35

Invisible states and polarisation



Polarised beams eliminates background and distinguishes ALP- 
electron and photon interactions

Unpolarised

MB, Erner,  Phys.Rev.D 108 (2023) 11 36

Invisible states and polarisation



Polarised beams eliminates background and distinguishes ALP- 
electron and photon interactions

Unpolarised Polarised beams

MB, Erner,  Phys.Rev.D 108 (2023) 11 37

Invisible states and polarisation



Polarised beams eliminates background and distinguishes ALP- 
electron and photon interactions

MB, Erner,  Phys.Rev.D 108 (2023) 11 38

Invisible states and polarisation
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46 2 Relics

For an additional, heavy neutrino to account for the observed dark matter we need
to require

Wn h
2 !
= Wc h

2 ⇡ 0.12 , mn ⇡ 10 eV . (2.12)

This number for hot neutrino dark matter is not unreasonable, as long as we only
consider the dark matter relic density today. The problem appears when we study
the formation of galaxies, where it turns out that dark matter relativistic at the point
of decoupling will move too fast to stabilize the accumulation of matter. We can
look at Eq.(2.12) another way: if all neutrinos in the Universe add to more than this
mass value, they predict hot dark matter with a relic density more than then entire
dark matter in the Universe. This gives a stringent upper bound on the neutrino mass
scale.

2.2 Cold light dark matter

Before we introduce cold and much heavier dark matter, there is another scenario
we need to discuss. Following Eq.(2.12) a new neutrino with mass around 10 eV
could explain the observed relic density. The problem with thermal neutrino dark
matter is that it would be relativistic at the wrong moment of the thermal history,
causing serious issues with structure formation as discussed in Section 1.5. The ob-
vious question is if we can modify this scenario such that light dark matter remains
non-relativistic. To produce such light cold dark matter we need a non-thermal pro-
duction process.

We consider a toy model for light cold dark matter with a spatially homogeneous
but time-dependent complex scalar field f(t) with a potential V . For the latter, the
Taylor expansion is dominated by a quadratic mass term mf . Based on the invariant
action with the additional determinant of the metric g, describing the expanding
Universe, the Lagrangian for a single complex scalar field reads

1p
|g|

L = (∂ µ f ⇤)(∂µ f)�V (f) = (∂ µ f ⇤)(∂µ f)�m
2
f f ⇤f . (2.13)

Just as a side remark, the difference between the Lagrangians for real and complex
scalar fields is a set of factors 1/2 in front of each term. In our case the equation of
motion for a spatially homogeneous field f(t) is
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|g|m2

f f

=
p

|g|
"

(∂t

p
|g|)p

|g|
(∂tf)+∂ 2

t
f +m

2
f f

#
. (2.14)

For example from Eq.(1.13) we know that in flat space (k = 0) the determinant of
the metric is |g| = a

6, giving us

0 =
(∂ta

3)

a3 (∂tf)+∂ 2
t

f +m
2
f f =

3ȧ

a
ḟ + f̈ +m

2
f f . (2.15)

Using the definition of the Hubble constant in Eq.(1.14) we find that the expansion
of the Universe is responsible for the friction term in

f̈(t)+3Hḟ(t)+m
2
f f(t) = 0 . (2.16)

We can solve this equation for the evolving Universe, described by a decreasing
Hubble constant with increasing time or decreasing temperature, Eq.(1.47). If for
each regime we assume a constant value of H — an approximation we need to
check later — and find

f(t) = e
iwt ) ḟ(t) = iwf(t) ) f̈(t) = �w2f(t)

) �w2 +3iHw +m
2
f = 0

) w =
3i

2
H ±

r
�9

4
H2 +m

2
f . (2.17)

This functional form defines three distinct regimes in the evolution of the Universe:

– In the early Universe H � mf the two solutions are w = 0 and w = 3iH. The
scalar field value is a combination of a constant mode and an exponentially de-
caying mode.

f(t) = f1 +f2 e
�3Ht time evolution�! f1 . (2.18)

The scalar field very rapidly settles in a constant field value and stays there. There
is no good reason to assume that this constant value corresponds to a minimum of
the potential. Due to the Hubble friction term in Eq.(2.16), there is simply no time
for the field to evolve towards another, minimal value. This behavior gives the
process its name, misalignment mechanism. For our dark matter considerations
we are interested in the energy density. Following the virial theorem we assume
that the total energy density stored in our spatially constant field is twice the
average potential energy V = m

2
f |f |2/2. After the rapid decay of the exponential
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Action:

EL-equations:

|g| = a(t)6
appr. flat

yields:


