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Computational Maths Theme vision

We are recognhized as world leaders in the areas of
computational mathematics used across STFC,
positioning ourselves as essential partners within the
UK Digital Research Infrastructure ecosystem and

beyond, connecting researchers and innovators to the
mathematical software they need to carry out the most
ambitious and creative research.
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Name Paper Counts
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ACM Transactions on
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Sandia National Laboratories, New Mexico

| Most Frequent Affiliations

Rutherford Appleton Laboratory

University of Florida 32
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Lawrence Berkeley National Laboratory As a scientific journal, ACM Transactions on Mathematical Software (TOMS) documents
the theoretical underpinnings of numeric, symbolic, algebraic, and geometric
computing applications. It focuses on analysis and construction of algorithms and
programs, and the interaction of programs and architecture. Algorithms
documented in TOMS are available as the Collected Algorithms of the ACM at
calgo.acm.org.
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RWTH Aachen University 24

Umea University 24
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Linear System Solves
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Sparse Matrices and Graphs
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Software

LINEAR ALGERBA

MA: Solution of linear systems

MA38
MA41
MA42
HSL_MA42_ELEMENT
HSL_MA42
MA43
MA44
MA46
MA48
HSL_MA48
MA49
MASO0
MAS1

MA52
HSL_MA54
HSL_MAS55
MA57
HSL_MAS7
MAG0
MA61
MA62
HSL_MA64
MAG5
MAG67
MAG69
HSL_MA69
MA72
HSL_MA74
MA75
HSL_MA77
HSL_MA78
HSL_MA79
HSL_MA86
HSL_MA87
HSL_MA97

Sparse unsymmetric system: unsymmetric multifrontal method
Sparse unsymmetric system: unsymmetric multifrontal method
Sparse unsymmetric system: out-of-core frontal method
Unsymmetric finite-element system: out-of-core frontal method (real and complex)
Sparse unsymmetric system: out-of-core frontal method

Sparse unsymmetric system: row-by-row frontal method
Over-determined linear system: least-squares solution

Sparse unsymmetric finite-element system: multifrontal

Sparse unsymmetric system: driver for conventional direct method
Sparse unsymmetric system: driver for conventional direct method
Sparse over-determined system: least squares by QR

Sparse unsymmetric system: conventional direct method

Auxiliary for MA48 and MAS50: identify ignored rows or columns in the rectangular
or rank-deficient case, compute determinant

Sparse unsymmetric finite-element system: out-of-core multiple front method
Definite symmetric full matrix: partial or complete factorization and solution
Band symmetric positive-definite system

Sparse symmetric system: multifrontal method

Sparse symmetric system: multifrontal method

Iterative refinement and error estimation

Sparse symmetric positive-definite system: incomplete factorization
Sparse symmetric finite-element system: out-of-core frontal method
Indefinite symmetric full matrix: partial or complete factorization and solution
Unsymmetric banded system of linear equations

Sparse symmetric system, zeros on diagonal: blocked conventional
Unsymmetric system whose leading subsystem is easy to solve
Unsymmetric system whose leading subsystem is easy to solve

Sparse symmetric finite-element system: out-of-core multiple front method
Unsymmetric full matrix: partial or complete factorization and solution
Sparse over-determined system: weighted least squares

Sparse symmetric system: multifrontal out of core

Sparse unsymmetric finite-element system: multifrontal out of core

Sparse symmetric system: mixed precision

Sparse solver for real and complex indefinite matrices using OpenMP
Sparse Cholesky solver for real/complex matrices using OpenMP
Bit-compatible parallel sparse symmetric/Hermitian solver using OpenMP
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# / SSIDS - Sparse Symmetric Indefinite Direct Solver

SSIDS - Sparse Symmetric Indefinite Direct Solver

#include <spral_ssids.h> /* or <spral.h> for all packages */

Purpose
This package solves one or more sets of n X n sparse symmetric equations AX = B using a multifrontal method. The following cases are covered:
1. A is indefinite. SSIDS computes the sparse factorization

A=PLD(PL)T

where P is a permutation matrix, L is unit lower triangular, and D is block diagonal with blocks of size 1 x 1and 2 x 2.
2. A is positive definite. SSIDS computes the sparse Cholesky factorization

A= PL(PL)T

where P is a permutation matrix and L is lower triangular. However, as SSIDS is designed primarily for indefinite systems, this may be slower than a dedicated Cholesky solver.
The code optionally supports hybrid computation using one or more NVIDIA GPUs.

SSIDS returns bit-compatible results.

An option exists to scale the matrix. In this case, the factorization of the scaled matrix A= SASis computed, where S is a diagonal scaling matrix.

Usage overview

Solving AX = B using SSIDS is a four stage process.
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# / SSIDS - Sparse Symmetric Indefinite Direct Solver

S O ft W a r e SSIDS - Sparse Symmetric Indefinite Direct Solver

LINEAR ALGERBA

MA: Solution of linear systems
MA38 Sparse unsymmetric system: unsymmetric multifrontal method Purpose
MA41 Sparse unsymmetric system: unsymmetric multifrontal method . . ) ) ) .
MA42 Sparse unsymmetric system: out-of-core frontal method This package solves one or more sets of n x n sparse symmetric equations AX = B using a multifrontal method. The following cases are covered:
HSL_MA42_ELEMENT  Unsymmetric finite-element system: out-of-core frontal method (real and complex) 1. A'is indefinite. SSIDS computes the sparse factorization
HSL_MA42 Sparse unsymmetric system: out-of-core frontal method
MA43 Sparse unsymmetric system: row-by-row frontal method A=PLD(PL)"
MA44 Over-determined linear system: IeaSI'SqUafeS solution where P is a permutation matrix, L is unit lower triangular, and D is block diagonal with blocks of size 1 x 1 and 2 x 2.
MA46 Sparse unsymmetric finite-element system: multifrontal
MA4S Sparse unsymmetric system: driver for conventional direct method 2. A'is positive definite. SSIDS computes the sparse Cholesky factorization
HSL_MA48 Sparse unsymmetric system: driver for conventional direct method A= PL(PL)"
MA49 Sparse over-determined system: least squares by QR ) ) o ) ) .
MAS0 Sparse unsymmetric system: conventional direct method where P is a permutation ma sular. However, as SSIDS is designed prim. tems, this may be slower than a dedicated Cholesky solver.
MA51 Auxiliary for MA48 and MAS50: identify ignored rows or columns in the rectangular AN , one or more NVIDIA GPUs.

or rank-deficient case, compute determinant CAM T ot TA
MAS52 Sparse unsymmetric finite-element system: out-of-core multiple front method
HSL_MA54 Definite symmetric full matrix: partial or complete factorization and solution
HSL_MAS5 Band symmetric positive-definite system ireet e awices PERECH e SIS
MAS7 Sparse symmetric system: multifrontal method
HSL_MAS57 Sparse symmetric system: multifrontal method
MAG0 Iterative refinement and error estimation
MAG61 Sparse symmetric positive-definite system: incomplete factorization
MAG62 Sparse symmetric finite-element system: out-of-core frontal method
HSL_MA64 Indefinite symmetric full matrix: partial or complete factorization and solution
MAG5 Unsymmetric banded system of linear equations
MAG67 Sparse symmetric system, zeros on diagonal: blocked conventional
MAG69 Unsymmetric system whose leading subsystem is easy to solve
HSL_MAG69 Unsymmetric system whose leading subsystem is easy to solve
MA72 Sparse symmetric finite-element system: out-of-core multiple front method
HSL_MA74 Unsymmetric full matrix: partial or complete factorization and solution
MA75 Sparse over-determined system: weighted least squares
HSL_MA77 Sparse symmetric system: multifrontal out of core
HSL_MA78 Sparse unsymmetric finite-element system: multifrontal out of core
HSL_MA79 Sparse symmetric system: mixed precision
HSL_MA86 Sparse solver for real and complex indefinite matrices using OpenMP
HSL_MA87 Sparse Cholesky solver for real/complex matrices using OpenMP

HSL_MA97 Bit-compatible parallel sparse symmetric/Hermitian solver using OpenMP


https://www.hsl.rl.ac.uk/

Software

Exploring Benefits of Linear Solver Parallelism
on Modern Nonlinear Optimization Applications

Byron Tasseff'-2, Carleton Coffrin!, Andreas Wichter®, and Carl Laird?

! Los Alamos National Laboratory, Los Alamos, New Mexico, USA
* University of Michigan, Ann Arbor, Michigan, USA
* Northwestern University, Evanston, Illinois, USA
1 Sandia National Laboratories, Albuquerque, New Mexico, USA

Table 1: Summary of linear solvers available within IPOPT, including their fac-

torization methodologies. parallel capabilities, and license restrictions.

Solver Method | Parallel CPU |Parallel GPU| License Restrictions
MA27 |Multifrontal No No WY, aeduriger A
Redistribution prohibited
MAS57 [Multifrontal| Threaded BLAS No Free to academics
HSLMAT7T7|Multifrontal Limited No Free to academics
HSLMASG| Supernodal Tl .\{ulllx-lc;;rlt: AS No Free to academics Problem Type|Best Licensed Solver|Best Free Solver
coixeimama i Easy MAS57 MA27
HSL_MA97|Multifrontal|,. Afutt coee . No Free to academics oo i) SRS
Fhreaded BLAS
Multi-core Table 3: Summary of suggested linear solvers within IPOPT based on problem
MUMPS [Multifrontal|, . : i No Free to all type and solver license. inferred from computational experiments in Section 5.
Fhreaded BLAS
PARDISO | Supernodal Multi-core No Academic/corporate license
. Multi-core
SPRAL [Multifrontal Yes Free to all
O Threaded BLAS e it
WSMP |Multifrontal| Multi-core No Trial/purchased license
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Software

HSL_MIO02
MI11
MI12

HSL_MI13
MI15
HSL_MI20
MI21
MI23
MI24
MI25
MI26
HSL_MI27
HSL_MI28
HSL_MI29
HSL_MI30

HSL_MI31

HSL_MI32
HSL_MI35

MI: Iterative methods for sparse matrices

Symmetric possibly-indefinite system: SYMMBK method

Unsymmetric system: incomplete LU factorization

Unsymmetric system: approximate-inverse preconditioner

Preconditioners for saddle-point systems

Unsymmetric system: flexible GMRES

Unsymmetric system: algebraic multigrid preconditioner

Symmetric positive-definite system: conjugate gradient method
Unsymmetric system: CGS (conjugate gradient squared) method
Unsymmetric system: GMRES (generalized minimal residual) method
Unsymmetric system: BiCG (BiConjugate Gradient) method

Unsymmetric system: BICGStab (BiConjugate Gradient Stabilized) method
Projected preconditioned conjugate gradient method for saddle-point systems
Symmetric system: incomplete Cholesky factorization

MPGMRES: an extension of GMRES which allows multiple preconditioners

Symmetric indefinite saddle-point system: signed incomplete Cholesky
factorization

Symmetric positive-definite system: conjugate gradient method, stopping
according to the A-norm of the error

Symmetric possibly-indefinite system: MINRES method
Sparse least squares: incomplete factorization preconditioner
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NEPTUNE (NEutrals and Plasma TUrbulence Numerics)
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NEPTUNE (NEutrals and Plasma TUrbulence Numerics)
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Nonlinear Programming
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. welcome!

Software

Download
GALAHAD

@ALAHAD is a thread-safe library of Fortran 2003 packages for solving nonlinear
optimization problems. At present, the areas covered by the library are unconstrained and
bound-constrained optimization, quadratic programming, nonlinear programming,
systems of nonlinear equations and inequalities, and nonlinear least squares problems.

Documentation GALAHAD contains the following major packages:

Contribute

Bugs F ancerLore

Links is the latest release of LANCELOT, and is designed to solve large-scale
Authors of optimization problems involving the minimization of a nonlinear objective, subject
GALAHAD (perhaps) to linear or nonlinear equality and box constraints. All functions involved

are assumed to be group partially separable, and the minimization is based on a
Sequential Augmented Lagrangian algorithm. The new release is coded in
Fortran 95, allows for a non-monotone descent strategy, Moré and Toraldo-type
projections, optional use of Lin and Moré's ICFS preconditioner, structured trust
regions, and more.

e 5'.3'9 ;LANCELOT_SIMPLE

is a simple-minded interface to LANCELOT for small, dense problems.

:u: ILTRANE

is a package for finding a feasible point for a set of linear and/or nonlinear
equations and inequalities using a multi-dimensional filter trust-region approach. In
the event that the system is inconsistent, a local measure of infeasibility is
minimized. Core linear algebraic requirements are handled by an adaptive
preconditioned CG/Lanczos iteration.
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ear Least-squares - software

User Documentation for RALFit (Python interface)

RALFit computes a solution & to the non-linear least-squares problem

- a
min F(2) = || (@)| + |2,

T

SV

where W € R™*™ is a diagonal, non-negative, weighting matrix, and
r(z) = (r(x), ry(z), ..., rm(m))T is a non-linear function.

A typical use may be to fit a function f(zx, t) to the data y;, t; weighted by the uncertainty of the
data, o;:

1= (v — flx:ty) ?
min -— ~
m 2 ; ( U.i |

which corresponds to taking r;(x) := y; — f(;¢;) and W such that W; = (1/a?). For this
reason we refer to the function 7 as the residual function.

Various algorithms for solving this problem are implemented - see Description of the method used.
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ear Least-squar

User Documentation for R

RALFit computes a solution & to the non-linear ¢

1
min F(zx) := -
T 2

where W € R™m*™ is a diagonal, non-negative, v
r(@) = () (@), (@), ..., (@) i 2 n0N-line,

A typical use may be to fit a function f(zx, t) to tt
data, o;:

lees

min

which corresponds to taking r;(z) := y; — f(;
reason we refer to the function 7 as the residual f

Various algorithms for solving this problem are im

Faster Data Fitting Solver

Calibrating the parameters of complex numerical models to Noninear Ieast squares Tit

fit real-world observations is one of the most common 00741 === Curve fit, $i(t; x)
e Reslduals
problems found in industries such as finance, physics, dnl «  Measurement points, y,
simulations, engineering, etc. NAG introduces at Mark 271
of the NAG Library a novel nonlinear least squares (NLN- 0.05 1
LSQ) trust-region solver v xnl ( ) for ona
unconstrained and bound-constrained fitting problems >
which implements various algorithms and regularization 0.03 1
techniques. It is aimed at small to medium-sized fitting 0.02 4
problems (up to 1000s of parameters) of the form
0.01
0.00 4

minimize

YXEN

subject to

where the idea is to find optimal values for the parameters, x, of the model represented by the smooth function ¢(t, z) (blue
line) which fit m observed data points (£;, ¥;) (black dots). That is, to minimize the squared error between the model and the

data (vertical red bars).

should present a significant improvement over the current nonlinear least squares solvers in the NAG Library. In

addition, this solver fills the gap between unconstrained solvers such as Isq ] leriv ( ) and the fully
constrained ones, such as ] (eO4us).
is part of the N/ which offers clarity and consistency on the interface of the solvers

within the suite.

The new solver stems from a collaboration with the Rutherford Appleton Laboratory [1] and demonstrates NAG's ongoing

effort to expand and improve its offering in mathematical optimization.
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The new solver «

namely

ear Least-squar

User Documentation for R

RALFit computes a solution & to the non-linear ¢

min F(zx) :=
T

1

1l

where W € R™m*™ is a diagonal, non-negative, v
r(z) = (ri(x),ro(x), ..., 7,n(x))T is a non-line;

Faster Data Fitting Solver

Calibrating the parameters of complex numerical models to Noninear Ieast squares Tit

fit real-world observations is one of the most common 00741 === Curve fit, $i(t; x)
Residuals
problems found in industries such as finance, physics, «  Measurement points, y,
0.06 4
simulations, engineering, etc. NAG introduces at Mark 271
of the NAG Library a novel nonlinear least squares (NLN- 0.05 1
LSQ) trust-region solver v xnl (e04gq) for
0.04 4
unconstrained and bound-constrained fitting problems >
which implements various algorithms and regularization 0.03 1
techniques. It is aimed at small to medium-sized fitting 0.02 4
problems (up to 1000s of parameters) of the form
0.01
0.00 4
0 10 20 30 40 50 60

offers unprecedented robustness and a significant speed-up over current alternatives in the Library,

for unconstrained nonlinear least squares problems and e04us for problems with simple variable bounds. You

are highly recommended to upgrade to the new solver.

“m 7/AG

1 — Y
min — -
5P

which corresponds to taking r;(z) := y; — f(;
reason we refer to the function 7 as the residual f

Various algorithms for solving this problem are im

where the idea is to find optimal values for the parameters, x, of the model represented by the smooth function ¢(t, z) (blue
line) which fit m observed data points (;, y,-) (black dots). That is, to minimize the squared error between the model and the

data (vertical red bars).

] should present a significant improvement over the current nonlinear least squares solvers in the NAG Library. In

addition, this solver fills the gap between unconstrained solvers such as Isq Juasi_deriv (e04gb) and the fully
constrained ones, such as ] (eO4us).
is part of the NA [ 7a Mod ( te which offers clarity and consistency on the interface of the solvers

within the suite.

The new solver stems from a collaboration with the Rutherford Appleton Laboratory [1] and demonstrates NAG's ongoing

effort to expand and improve its offering in mathematical optimization.
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(a) Crystal field fitting with expert-
tuned initial parameters.
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(b) Crystal field fitting with the expert
initial parameters perturbed slightly.
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Clicking a result in the tables will give more details, such as graphs of the fit against the data and the parameters that the minimizer found

Clicking the problem names will take you to details of the best minimize

Hovering over each minimizer name will display its matching algorithm types out of those selected in options.
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details, such as graphs of the fit against the data and the parameters that the minimizer found
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Table:

This plot shows a comparison of the runs. The minimizer which produced closest fit is in bold, with the

other minimizers shown as thinner lines for context.

Please note that this plot is intended for use as an indication of the variety of the fits that were

obtained for specific details, please consult the individual support pages.
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Clicking a result in the tables will give more details, such as graphs of the fit against the data and th&@erameters tha 0 .

Clicking the problem names will take you to details of the best minimizer.

26050 26100 26150 26200 26250 26300 26350 26400
X

Clicking the software name will take you to FitBenchmarking Read the Docs documentation for the selected so

Hovering over each minimizer name will display its matching algorithm types out of those selected in options.
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Hovering over each minimizer name will display its matching algorithm types out of those selected in options.



Cryo-EM Cross-Validation Project

Micrographs Particle picking and extraction Particle alignment and classification Reconstructed map

Final resolution = 3.9 Angstroms
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Ptychography

Reconstruct object (and probe) from measured intensities:
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a sum of nonlinear least-squares problems in C"” .



Ptychography
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Graphene dataset courtesy of Chris Allen (ePSIC)
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Summary

Yesterday’s algorithms will not be able to analyse tomorrow’s data

* Existing expertise in Numerical Linear Algebra and Optimization, well connected in
other areas of computational mathematics.
* Linear algebra software
e HSL: https://hsl.rl.ac.uk
* SPRAL: https://github.com/ralna/spral
* Optimization software
* OpTrove: https://github.com/ralna/OpTrove/wiki
e RALFit: https://github.com/ralna/RALFit
* GOFit: https://github.com/ralna/Gofit
* FitBenchmarking: https://fitbenchmarking.github.io/

https://numerical.rl.ac.uk
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